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Abstract
The introduction of certain controlled gradients in plastic properties is known to promote
resistance to the onset of damage at contact surfaces during some tribological applications.
Gradients in composition, microstructure and plastic properties can also be deleterious to
contact-damage resistance in some situations. In order to realize such potentially beneficial
or deleterious effects of plastic property gradients in tribological applications, it is essential
first to develop a comprehensive understanding of the effects of yield strength and strain
hardening exponent on frictionless normal indentation. To date, however, systematic
studies of plasticity gradient effects on indentation response have not been completed. A
comprehensive parametric study of the mechanics of indentation of plastically graded
materials is completed in this work by recourse to finite element (FE) computations. On
the basis of a large number of detailed computational simulations, a general methodology
for assessing instrumented indentation response of plastically graded materials is
formulated so that quantitative interpretations of depth-sensing indentation experiments
could be performed. The specific case of linear gradient in yield strength is explored in
detail. The FE analysis leads to a universal dimensionless function to predict load
displacement curves for plastically graded engineering materials. Experimental validation
of the analysis is performed by choosing the model system of an electrodeposited
nanostructured Ni-W alloy, where the plastic property variation is introduced through a
linear variation in grain size with distance through the thickness. The universal
dimensionless function is shown to correlate with the shield factor which is used to predict
crack behavior at the interface of plastically graded materials. Here in this work a general
framework is proposed for the indentation of plastically graded materials based on
energetic considerations. Possible mechanisms underlying indentation size effects are also
explored including the surface energy terms in the proposed energy based framework so as
to rationalize a broad range of experimental observations. Practical implications of the
present work are highlighted.
Thesis Supervisor: Subra Suresh
Title: Ford Professor of Engineering
-3-
-4-
Acknowledgments
The assistance, support and cooperation of many individuals has made completion of
this dissertation possible. I extend my appreciation to people mentioned below for their part
in this dissertation.
Foremost, I thank my research advisor, Professor Subra Suresh, whose ability to find
the best in any idea and develop its interesting parts guided and inspired me throughout this
challenging process. I am indebted for his honest evaluation and even judgment of the good
and bad parts of anything I presented him. I have learned to perform research with
uncompromising emphasis on quality and relevance of research works. I would like to
sincerely thank him for his advice, guidance, direction and endless enthusiasm during my
graduate work.
I would also like to thank my dissertation committee members, Professor Allen and
Professor Raul Radovitzky. Their critical suggestions and advice helped to track a focused
direction for my research. Every committee meeting proved significant in advancing my
dissertation. I am extremely grateful for their careful consideration.
Dr. Ming Dao was essentially a second advisor, gave close attention to the details of
the FEM simulations and helped me to bring my analyses into line with current related
work. From the bottom of my heart, I appreciate his thoughtful guidance and
encouragement through what seemed to be a never-ending process.
Dr. Ruth Schwaiger yielded significant contributions to successful experiments. She
provided tremendous guidance with her expertise in indentations. I thank her for making
time for me even when she did not have enough for herself: it made a difference.
I also thank Professor Christopher Schuh and Andrew Detor, who provided me with
invaluable experimental samples. With their timely help and support, the importance of my
work has been more substantiated.
I am indebted to Professor Trevor Lindley for spending time carefully reading and
correcting drafts of the dissertation. His input helped me refine the details and the
conclusions of my research.
-5-
I would also like to acknowledge others who have graciously contributed to this work
including Professor Craig Carter, Professor Nicholar Mazari, Professor Ju Li, Professor
Sharvan Kumar, Professor Krystyn Van Vliet, and Dr. Alan Schwartzman.
This research was supported in part by the Samsung Lee Kun Hee Scholarship
foundation. I am also indebted to MIT for direct financial aid through a research
assistantship and travel grants.
I am grateful for the friendship of all members of Professor Suresh research group. I
thank Simon Bellemare for our motivational conversations that have helped me to look at
my research work from the different perspective. I gratefully acknowledge John Mills for
his sincere support, scientific discussion and enjoyable conversations. I thank Anamika
Prasad and David Quinn for their inspirations which renewed interest in my own research.
I also express my warmest thanks to Ken Greene and George Labonte. Their
presence was indispensable to successfully carry out my research and provided me with one
of the most comfortable working environment.
To all other current and former members including Irene Chang, Dr. Alexander
Micoulet, Thibault Prevost, Nadine Walter, Dr. Monika Diez, Dr. George Lykotrafitis, Dr.
Gerrit Huber, Professor Carlos Pintado, Professor Pasquale Cavaliere, Professor Kevin
Turner, Professor Shigeki, Dr. Hidemi Kato, Dr. Tim Hanlon, Dr. Nuwong, Dr. Moser
Benedikt, and Professor Seongmin Lee, I extend my deep appreciation for your continued
support and friendship.
Far too many people to mention individually have assisted me in so many ways
during my work at MIT. They all have my sincere gratitude. I express thanks and gratitude
to Korean student affairs at MIT including KGSA, SSHS and KGMSE. In particular, I
would like to thank Adlar Kim, who has been instrumental in ensuring my academic and
professional wellbeing ever since. In every sense, none of this work would have been
possible without him and his treasured friendship I will be forever grateful for. I would like
to also thank my MS&E classmates from my first year as a student at MIT.
Outside the MIT community, I am exceptionally grateful to Professor Youngchang
Joo for introducing me to the world of research as an undergraduate research assistant. His
kindness, enthusiasm, and support made all the difference in my academic career. Dr.
-6-
Youngjoon Park and Professor Seungki Joo also provided me many levels of support and
guidance.
I thank Professor KJ Cho and former Stanford University colleagues for guiding my
earliest research interests during my master program. I also wish to thank the other
members of my academic community at Stanford for their warm friendship.
During my six years in graduate schools, all my close friends in Korea and in the
states should deserve my deepest gratitude for their support. In particular, I am especially
indebted to Ji, who has continually offered her love, support, and guidance with her
remarkable intelligence. Her endless support, encouragement, and companionship have
turned this difficult process through graduate school into a pleasure.
To the best of my ability, I sincerely appreciate sacrifice and love from my family:
my father, Jongtae Choi; my mother, Soonhee Hwang; my brother, Wooseok with his wife,
Sungwon and his newly born baby, Bokgun; and my lovely sister, Yoonjung. They have
extended their unconditional support to me throughout my graduate career. For always
being there when I needed them, they deserve more credit than I can offer.
-7-
-8-
Table of Contents
1. Introduction.............................................................................. 17
1.1 Importance of plastically graded materials........................................... 17
1.2 Theoretical study of instrumented indentation for homogeneous materials......... 18
1.3 Theoretical study of indentation response of graded materials................... 21
1.4 Indentation size effect on a microscopic scale........................................ 24
1.5 The objective of the thesis.............................................................. 25
2. Physically based model for indentation of plastically graded materials..... 27
2.1 New interpretation of mean contact pressure......................................... .. 27
2.1.1 Mean contact pressure for homogeneous materials ............................... 28
2.1.2 Contact mean pressure of conical indentation of plastically graded
m aterials............................................................................................... . . 37
2.2 Non-recoverable work model .......................................................... 45
2.2.1 Non-recoverable work model for homogeneous materials .................... 45
2.2.2 Non-recoverable work Model for plastically graded materials ............. 50
2.2.3 Possibility of using indentation for measurement of fracture resistance ... 55
3. Systematic parametric analysis of indentation of plastically graded
materials.................................................................................... 61
3.1 D im ensional analysis......................................................................................... 61
3.2 Problem formulation.....................................................................62
3.3 Computational model................................................................... 68
-9-
3.4 Param etric study........................................................................... 72
3.5 Pile-up and sink-in...........................................................................74
4. Experimental verification................................................................ 77
4.1 M aterials............................................................................ ..... 77
4.1.1 N anostructured m aterials ....................................................................... 77
4.1.2 Ni-W graded nanostructured materials ...................................................... 79
4.2 Experim ents.............................................................................. 82
4.2.1 Sam ple preparation ................................................................................ 82
4.2.2 Indentation test....................................................................................... 83
4 .3 R esults..................................................................................... 84
4.3.1 Comparison with a universal dimensionless function............................ 89
5. Indentation size effect due to surface energy....................................... 95
5.1 Introduction................................................................................ 95
5.1.1 D islocation plasticity theory .................................................................. 95
5.1.2 Surface effect ......................................................................................... 97
5.2 Indentation size effect based on energetic consideration..................... ......... 99
5.2.1 O xide rupture m echanism ........................................................................ 100
5.2.2 Experim ental verification ........................................................................ 104
6. Conclusions................................................................................. 107
Appendix....................................................................................... 109
Bibliography................................................................................... 115
- 10 -
List of Figures
Figure 1-1:
Figure 1-2:
Schematic diagram of reverse algorithm proposed by Dao et al.. Using the
information from indentation curve, mechanical properties for uniaxial
tensile test can be extracted........................................................................ 21
Schematic diagram of elastically graded materials (a) Infiltration of
SiAlYON glass into a-Si3N4 , (b) Experimentally determined variation of
Young's modulus with depth below the surface [1]. .................................. 23
Figure 2-1: Schematic diagram of conical indentation where is mean contact
pressure; V indented volume; S contact area of a conical indenter; and Uo
internal energy of material under indentation. ............................................ 28
Figure 2-2: For homogeneous materials with E = 214 GPa, n = 0 and yield strength
214 MPa, (a) Indenter Load behaves linearly with respect to square of
indentation depth h2. The slope corresponds to the curvature C of Kick's
Law. (b) Internal energy vs h3/3. Internal energy is linearly proportional to
indented volum e........................................................................................ 32
Figure 2-3: Mean contact pressure varies with yield strain for homogeneous materials
w ith E = 214 G Pa, n = 0............................................................................. 34
Figure 2-4: Plot of the ratio of elastic contribution to plastic contribution of mean
contact pressure for homogeneous materials with E = 214 GPa and n = 0.
The blue line indicates when both contributions are identical....................35
Figure 2-5: Internal energy vs indented volume for the regime of (a) plastic
deformation dominant, (b) identical contribution and (c) elastic
deform ation dom inant ............................................................................... 36
- 11 -
Figure 2-6: (a) Schematic diagram of plastically graded materials using conical
indentation, (b) Profile of gradient in yield strength in the direction of
indentation depth z and constitutive laws of plastic deformation that
governs each material point, A, B, and C respectively. ............................. 38
Figure 2-7: Normalized ratio Go shows the non linearity of internal energy of graded
materials whose mechanical properties are E = 214 GPa, n = 0, m =
214 M Pa, and index of gradientfp = 0.5.................................................... 39
Figure 2-8: Schematic diagram of mean contact pressure: The grey line corresponds to
the constant mean contact pressure of a homogeneous material. The red
line corresponds to the plastically graded material with increasing gradient
from the same yield strength of the homogeneous material. Filled area
represents internal energy. .......................................................................... 41
Figure 2-9: Indentation gradient factor g for E = 214 GPa, n = 0 and yield strength of
surface = 214 MPa and the index of linear gradient/p = 0.5 ...................... 43
Figure 2-10:
Figure 2-11:
Figure 2-12:
Figure 2-13:
The ratio of g to g for E = 214 GPa, n = 0 and yield strength of surface
= 214 MPa and the index of linear gradient p = 0.5....................................44
Schematic illustration of different paths of energy states for a material
system in the process of indentation. The red region at the intermediate
state represents elastic strain. The strain energy is released by plastic
deform ation ............................................................................................... 45
Schematic illustration of different paths of energy states for a material
system in the process of indentation. The red region at the intermediate
state represents elastic strain. The strain energy is released by crack
propagation . ............................................................................................ . . 47
For homogeneous materials with E = 214 GPa, n = 0, (a) the mean contact
pressure varies with different yield strain and (b) the mean contact
pressure for a non-recoverable work......................................................... 49
-12-
Figure 2-14: g for E = 214 GPa, n = 0 and yield strength of surface = 214 MPa and
the index of linear gradient (a) for increasing gradient p = 0.5 (b) for
decreasing gradient p = -0.095................................................................... 52
Figure 2-15:
Figure 2-16:
Figure 2-17:
Figure 2-18:
Crack approaching the interlayer of thickness t. Conventions for a trilayer
m aterial system [69]................................................................................... 57
The evolution of shielding and amplification for a graded interlayer for
plane strain conditions [69]........................................................................ 57
Contour plots of the effective plastic strain ahead of the crack tip for a
crack approaching a graded interlayer from (a) the plastically weaker
metal and (b) the plastically stronger metal. These plots were obtained for
plane strain and for lit = 1.0 and K/(sigyL) =.6.5 [69] .............................. 58
Contour plots of the effective plastic strain ahead of the rigid indenter for
the plastically graded material with E = 214 GPa, n = 0 and yield strength
of surface = 214 MPa: (a) for increasing gradient pi = 0.5 and (b) for
decreasing gradient pi = -0.095. For the purpose of comparison with Fig
17, the indenter is approaching from the left instead of the top..................59
Figure 3-1: (a) Schematic diagram of plastically graded materials under conical
indentation, (b) Profile of linear gradient in yield strength in the direction
of indentation depth z and power laws of plastic deformation that governs
each material point, A, B, and C respectively........................................... 63
Figure 3-2: Plot of 1 - gre for plastically graded materials with E = 214 GPa, n = 0,
-= 783 MPa and six different pi: The overlap of six different p indicates
self sim ilarity of ph ................................................................................... 67
Figure 3-3: Plot of 1 - g,, for plastically graded materials with E = 214 GPa, n = 0.1,
=783 MPa in the wide range ofp8h. Two limit cases are shown.........67
- 13 -
Figure 3-4: Computational modeling of instrumented sharp indentation. (a) overall
mesh design for axisymmetric finite element calculations, and (b) detailed
illustration of the area that directly contacts the indenter tip.....................69
Figure 3-5: Illustration of mesh distortion in computational modeling of sharp
indentation ................................................................................................ . . 70
Figure 3-6: Reproduction of the work done by Suresh et al.[31, 32] for spherical
indentation response of elastically graded materials with a courtesy of
P rasad A . ................................................................................................. . . 70
Figure 3-7: Effect of mesh size on indentation response of the plastically graded
material with E = 214 GPa, n = 0,. i = 783 MPa andfp = 0.1. (a) Three
different mesh sizes and (b) normalized load vs ph....................................71
Figure 3-8: A material selection chart given by Ashby: elasto-plastic materials that are
covered in this study are encircled in blue..................................................73
Figure 3-9: The ratio of the pile-up as a function of the index of gradient where s is
the pile-up height and h is the indentation depth. ....................................... 75
Figure 4-1: Schematic graph of Hall-Petch relation and its breakdown observed below
10 nm . ..................................................................................................... . . 7 8
Figure 4-2: Monotonic tensile tests of pure nc, ufc, and mc Ni. Yield strength
increases and ductility decreases with grain refinement. The 0.2 % yield
strengths are measured at 930 MPa for nc , 525 MPa for ufc, and 180 MPa
for m c [90]. .............................................................................................. . . 79
Figure 4-3: TEM pictures for electrodeposited nc Ni-W alloy with grain size of 20
nm, 10 nm and 3 nm. The diffraction patterns indicate crystalline of Ni-W
alloy [94 ] .................................................................................................. . . 80
Figure 4-4: Schematic description of electrochemical deposition for nc Ni-W alloy.
The current density plays a key role in determining grain size..................81
- 14 -
Figure 4-5: The relation between (a) W composition and Current density and (b) grain
size and composition with courtesy of Andrew Detor. .............................. 82
Figure 4-6: (a) Picture of the Nano XP indenter and (b) Schematic description of the
load input for C SM ..................................................................................... 83
Figure 4-7: Comparison of P-h curves between electro chemical polishing and
mechanical polishing of (a) the homogeneous coarse nc Ni-W alloy and
(b) the homogeneous fine nc Ni-W alloy........................................................85
Figure 4-8: Indentation hardness vs indentation depth for the fine nc Ni-W alloy, the
coarse nc Ni-W alloy and the graded nc Ni-W alloy ................. 86
Figure 4-9: P-h curves for the fine nc Ni-W alloy, the coarse nc Ni-W alloy and the
graded nc N i-W alloy ...................................................................................... 86
Figure 4-10: Modulus vs indentation depth for the fine nc Ni-W alloy, the coarse nc Ni-
W alloy and the graded nc Ni-W alloy............................................................87
Figure 4-11: Effect of gradient in elasticity on P-h curve: Five different cases were
sim u lated ................................................................................................. . . 88
Figure 4-12: P-h curve of the homogeneous coarse Ni-W alloy and its comparison with
the prediction from the reverse analysis.................................................... 89
Figure 4-13: The schematic description of indentation of the graded nc Ni-W alloy at a
tilted angle to obtain the gradient in hardness.............................................91
Figure 4-14: The profile of indentation hardness across the surface from the experiment
described in Figure 4-13 and the schematic description of the graded nc
N i-W alloy ...................................................................................................... 9 1
Figure 4-15: Comparison of P-h curves between the graded nc Ni-W alloy and the
prediction based on the non-recoverable work model ............................... 92
Figure 4-16: Plot of g for the graded nc Ni-W with respect to indentation depth ........... 93
- 15 -
Figure 4-17: Prediction of crossover point between the graded nc Ni-W alloy and the
dine ne N i-W alloy .......................................................................................... 94
Figure 5-1: AFM observation of the resultant residual impression and associated
cracking developed with 5 urn indenter radius with the 80nm silica film
[1 1 1]..............................................................................................................10 1
Figure 5-2: (A) Schematic description of experiment setup with damage modes in
ceramic/polycarbonate bilayer from indentation with sphere: radial
cracking R, cone cracking C. (B) Radial crack sequence in A1203 coating
with the thickness d = 155 um from indentation with WC sphere of tip
radius r = 3.96 mm. Loading cycle; (a) P = 15.1 N, (b) P = 24.0 N, (c) P =
35.1 N, and (d) P = 56.6 N. Unloading cycle; (e) P = 33.3 N, (f) P = 0 N
[1 12 ]..............................................................................................................10 1
Figure 5-3: (A) Schematic illustration of bilayer structure consisting of outer brittle
layer on thick compliant substrate. Fracture mode transition from (a) ring
crack at top surface and radial crack at bottom surface, and (b) through-
thickness ring cracks. (B) Soccer ball crack pattern in Y-TZP coating of
thickness d = 27 um from indentation with WC sphere, r = 3.96 mm.
Configuration represents transition from well-defined radial cracking to
ring cracking [113]........................................................................................102
Figure 5-4: Depth-dependent hardness plot of a lum thick aluminum film and a 2um
thick aluminum film deposited on a glass substrate with respect to the
reciprocal of the indentation depth. The indentation tests were originally
conducted by Saha et al. [114] but later, Zhang et al. [51] replotted as
shown above to fit the data with their hardness formula...............................106
Figure 5-5: P plotted against h for pure aluminum. w and C are obtained from
h
intercept and slope of this line respectively .................................................. 106
- 16 -
Chapter 1
Introduction
1.1 Importance of plastically graded materials
Functionally Graded Materials (FGMs) can be defined as materials having graded
transition in mechanical properties, either continuous or in fine, discrete steps, across the
interface [1-3]. Unlike other types of functional gradients such as gradients in elastic
properties or layered composite materials, plasticity gradients in materials are considered as
a natural outcome of the conventional material processing such as nitriding, carburization
and thermal residual stress. However, for the past decade, focus has been shifted toward the
potential of enhanced contact damage resistance of plastically graded materials as
functionally graded materials (FGM). For example, functional gradients of plasticity in
materials have great potential to redistribute residual stresses by the damage from normal
contact and lower stress concentration at the intersection between an interface and a free
surface so that limiting the stresses at critical locations leads to suppressing the onset of
plastic deformation, damage, or cracking. Smooth transitions in composition across an
interface can also prevent functionally graded materials from interfacial debonding between
dissimilar materials. By utilizing the superior mechanical properties of nanostructured
materials, nanostructured materials with grain size variation have recently been regarded as
ideal model structures for plastically graded materials (elastically homogeneous) that can
be expected to have some beneficial effects in contact damage resistance. In addition to the
advantage of contact damage resistance [4], the characteristic fatigue behavior of
nanocrystalline (nc) materials has also promoted new development of plastically graded
materials [5-7]. The local driving force for crack growth across an interface can be
increased or decreased by altering the gradients in plastic properties across the interface.
Hanlon et al.[5-7] concluded in their study that grain refinement to the nc regime enhances
the resistance to crack initiation significantly relative to their ultra-fine-crystalline (ufc) and
micro-crystalline (mc) Ni counterpart so as to increase the total life time under stress
- 17 -
controlled fatigue. On the other hand, it was found that a higher rate of fatigue crack
growth was observed in a fully dense electrodeposited pure nc Ni, relative to that in a
similarly produced ufc Ni, as well as conventional mc Ni. These results have promoted out
the idea that the optimized variation of grain distribution may also introduce better fatigue
resistance as well. Concurrently, quantitative scientific knowledge of mechanical properties
of plastically graded materials becomes more and more crucial in order to further exploit
their potential.
1.2 Theoretical study of instrumented indentation for
homogeneous materials
Measurement of Hardness has long been used for the mechanical property
characterization of materials owing to its simple usage and sample preparation [8-11]. In
the field of contact mechanics, there has been numerous efforts to relate mean contact
pressure with mechanical properties such as Young's modulus, yield strength and
hardening exponent so that extract material properties from hardness tests. Due to complex
strain field of elasto-plastic materials underneath indenter, it is almost impossible to derive
complete analytical solutions for the problems of contact mechanics of elasto-plastic
materials. Instead, many studies proposed simple analytical models that describe limited
problems of mean contact pressure of elasto-plastic indentation. Using the geometrical
similarity of cone indenters during loading, the strain field is assumed to be dependent only
upon cone angle [8, 12, 13]. In this context, the concept of a representative strain S, was
introduced to be associated with a particular cone angle and was related to the effective
strain in a uniaxial tension test by
where . and g are, respectively, the pre-strain in the sample prior to indentation and
the representative strain induced by the indentation. In indentation of an annealed material,
devoid of any pre-strain, the representative strain is equal to the effective strain. For metals,
the ratio of hardness to yield strength is commonly referred to as the constraint
- 18 -
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For materials exhibiting perfectly plastic behavior, the constraint factor can be
determined purely from a slip line field analysis. Lockett [14] obtained a slip line field
solution for cone indentation application, for angles greater than 105-. For smaller cone
angles, the out-of-plane hoop stress is no longer intermediate between the in-plane radial
and compressive stresses, resulting in a break down of this two-dimensional slip line field
analysis. Atkins and Tabor [15] performed series of test with annealed copper to determine
tested series of determined, experimentally, representative strain and constraint factors for
cones of different angles. Johnson [16, 17] modeled indentation as expansion of a spherical
cavity in an infinite solid and related CR to Y/E for elastic-perfectly plastic materials with a
high Y/E ratio. This analysis showed that the constraint factor may also depend on Y/E,
where E is the Young's modulus of the material. Later, Cheng and Li [18] explored the
dependence of CR on the material properties, Y/E and n (work hardening exponent),
utilizing numerical simulation and concluded that CR is relatively constant for low values
of Y/E, i.e. less than 0.1, but is dependent on the mechanical properties otherwise.
- =1.7 - 09
E E )
The representative strain values obtained from the numerical simulation were comparable
to those obtained experimentally by Atkins and Tabor.
Over the past few decades, depth-sensing instrumented indentation has rapidly
gained in reputation for versatile property extraction mainly due to its flexible specimen
requirement and ability to probe localized properties. In contrast to traditional hardness
testers, depth-sensing instrumented micro- and nanoindentation experiments can apply a
specified force or displacement history, such that force P and displacement h are controlled
and/or monitored simultaneously and continuously over a complete loading cycle. Nano-
indenters even provide accurate measurements of extremely small indentation loads P at
the mN scale, as a function of the indentation depth h at the nm scale.
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While experimental investigations of indentation were conducted on many material
systems to extract hardness and other mechanical properties, the improvements in
instrumented indentation testing towards absolute quantification and standardization for a
wide range of material properties and behavior require advances not only in instrument
calibration but also in analysis tools and techniques. Comprehensive theoretical and
computational studies have emerged to elucidate the contact mechanics and deformation
mechanisms in order to systematically extract material properties by interpreting P versus h
curves obtained from instrumented indentation.
The basic analysis of force-displacement curves produced by instrumented
indentation systems began with work by Doerner and Nix [19] and Oliver and Pharr [13],
who obtained hardness and Young's modulus from the maximum load and the initial
unloading slope using the elastic based methods. A number of researchers have presented
simple but general results of elasto-plastic indentation response using the concept of self-
similarity whereby it relates elasto-plastic constitutive behavior to elasto plastic indentation
response based on the above concept of representative strain. Suresh et al. [20, 21]
proposed to compute elastic and plastic properties. Later, for an elasto-plastic material, self-
similar approximations of sharp (i.e., Berkovich and Vickers) indentation were
computationally obtained by Larsson et al. [22]. Then, Cheng and Cheng [23] found that
Kick's Law is a natural outcome of the dimensional analysis of sharp indentation:
P = Ch2
,where loading curvature C is a material constant.
More recently, dimensionless functions with the concept of represent strain was
calculated by computational parametric study and they were applied to extract material
properties of bulk [24, 25] and coated material systems [26]. For example, Dao et al.[25]
have devised robust algorithms to extract from indentation data, mechanical properties such
as Young's modulus, Hardness, Yield strength as shown in Figurel-1. Different definitions
of representative strain were proposed to develop more accurate prediction methods.
Ogasawara et al. [27] accounted biaxial stress components of indentation into their
definition of representative strain. Cao et al. [28] suggested a new representative strain
depending on the mechanical properties.
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r (o dh
W = W + W ~ f
PM ~~~ ~~ ~~ ~~~~ dh Ihm
dP
h (Depth) hr hm * =0.033
Figure 1-1: Schematic diagram of reverse algorithm proposed by Dao et al.. Using the
information from indentation curve, mechanical properties for uniaxial tensile test can be
extracted.
1.3 Theoretical study of indentation response of graded materials
An increased use of functionally graded materials for contact resistance such as
layered composite materials demands standard methods of their mechanical
characterization [2]. Indentation has also been intensively used to investigate the damage
tolerance of FGMs because the indentation of a surface with a sharp or blunt indenter
provides basic and quantitative information that characterizes the resistance of the surface
to normal contact [1]. It has also been used because the stress and strain fields ahead of a
sharp crack which is quite similar to those beneath the sharp indenter from a mechanics
stand point. The current scaling trend in the FGMs applications of microelectronic,
tribological coating and biomedical parts also promotes more demands for the usage of
indentation to characterize their mechanical properties. As characteristic dimensions and
microstructures of engineered materials and systems scale down to the microscopic and
nanoscopic size, indentation is believed to be the only tool available to extract mechanical
-21 -
properties from small scale material systems such as ultra large scale integration (ULSI)
devices and nc materials [29, 30]. However, most of the comprehensive theoretical and
experimental studies to understand fundamental mechanisms of indentation have focused
on homogeneous materials rather than graded materials. Contrary to its easy usage, the
interpretation of P-h curves of FGMs involve complex contact mechanics of
inhomogeneous materials with elasticity and/ or plasticity gradients that lead to loss of self-
similarity. As a result, indentation responses deviate from the typical indentation response
of homogeneous materials and mean pressures are not constant but vary with indentation
depth. Thus, a more advanced interpretation of the indentation curves is required to
understand the mechanism of indentation of FGM. To this end, both detailed theoretical
and experimental efforts are required to provide a thorough insight into the role of gradients
and to establish precise interpretation schemes for indentation response of FGMs.
Among the studies on indentation response of graded materials, the indentation
response of elastically graded materials has been systematically characterized both
theoretically and experimentally by Suresh et al. which provided a thorough insight into the
role of gradients [31, 32]. In their work, a general theory for frictionless normal
indentation of elastically graded materials by point loads and axisymmetric indenters was
developed for two general variations in Young's modulus with respect to depth. They
derived explicit analytical expressions to relate the indentation load, P, to the penetration
depth, h for different indenter geometries and those analytical solutions were
computationally verified. Computational indentation techniques were also used to study the
difference in stress and strain distribution with variations in Young's modulus, E, as a
function of depth beneath the indented surface, z. In the case of an exponentially varying
modulus, computational results indicated that for increasing modulus, maximum values of
tensile stress, which are responsible for the nucleation of surface damage, spread toward the
interior. On the contrary, the maximum tensile stresses tend to diffuse toward the surface
for materials graded with an exponentially decreasing modulus as a function of depth. For
the power law modulus variation, the tensile stresses of the graded material with increasing
modulus also spread to interior compared to those stresses for the homogenous material
(zero modulus gradient).
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Figure 1-2: Schematic diagram of elastically graded materials (a) Infiltration of SiAlYON
glass into a-Si 3N4, (b) Experimentally determined variation of Young's modulus with depth
below the surface [1].
These results imply a superior damage resistance of elastically graded surfaces,
which was also demonstrated through a series of experiments [33, 34]. A graded elastic
system shown in Figurel-2 has been produced by infiltrating an oxynitride glass into a fine
grained a-Si3N4 matrix, creating a power law variation in modulus from 225 GPa at the
surface to 315 GPa over the depth of 0.5 mm. The CTE of aX-Si 3N4 is essentially the same
as that of infiltrated glass and therefore, no thermal residual stresses develop. As the same
load of 3 kN is applied to two homogeneous materials and the graded materials by a
spherical indenter, only two homogeneous cases develop Hertzian cone cracks, while the
graded materials do not. Three cases were also simulated and as predicted in the previous
computational study, the maximum tensile stress of the graded materials smaller than those
of the others because the stresses of the graded materials spread to the interior. The results
of sliding contact damage resistance are also consistent with those of indentation cracking
resistance [35]. The distribution of maximum tensile stress can also explicate this result.
Hence, while the indentation response of elastically graded materials has been
successfully elucidated by the combination of systematic theoretical and experimental
work, similar comprehensive studies on plastically graded materials are limited to
preliminary studies. Giannakopoulos [36] derived analytical solutions to describe the mean
pressure of indentation load expressions for some idealized cases with plasticity gradients
and predicted the phenomenon of similar stress redistribution with the cases of elastically
graded materials so that increasing the plasticity gradient might also possess superior
resistance for contact damage. Y.P. Cao et al. [37] proposed a closed form expression of
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the conical indentation loading curve based on the work by Dao et al.. However, unlike the
study on elastically graded materials, these only deal with a few specific cases or fail to
provide physical models. Furthermore, to the author's knowledge, no prior work has been
done on the experimental verification of indentation response of plastically graded
materials. Therefore, both a new comprehensive theoretical framework and experimental
verification are necessary to elucidate the mechanics of indentation response of plastically
graded materials.
1.4 Indentation size effect on a microscopic scale
In addition to graded materials, there is another unsolved issue regarding the
variation of mean contact pressure versus indentation depth. While introducing gradients
leads to changing mean contact pressure with respect to indentation depth, it is known that
the indentation hardness also increases when indentation depth decreases on a microscopic
scale with less than lum indentation depth. This size dependent effect of indentation
hardness causes uncertainty in quantification of small scale mechanical properties. The
considerable experimental and theoretical research is available to elucidate the indentation
size effect. Many studies proposed physical models to explain the origin of the indentation
size effect [38-52]. Nix and Gao [46] suggested a mechanism based on strain gradient
effect and it was considered the most convincing model that successfully described
indentation size effect. However, it was found that this model was unable to explain
experimental indentation data from tests on both metallic glass and nanocrystalline
materials which still exhibit an indentation size effect. Recently, a few studies insisted that
indentation size effect results from surface energy or surface work [42, 50-52]. Despite
some progress in better describing the indentation size effect, the extracted values from the
current models result in huge discrepancies from the known experimental surface energy
values by three orders of magnitude. As a result, certain ambiguous parameters were
introduced to fit the model into the data. In the present study, a rigorous derivation was
made for the indentation size effect without any parameter and the different types of surface
energy was accounted for contrast to previous studies.
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1.5 The objective of the thesis
The objective of this thesis is first to provide fundamental insight into mean contact
pressure in terms of energetic consideration in the context of continuum mechanics;
secondly to develop better understanding of the mechanics of indentation of plastically
graded materials and of the indentation size effect; and finally to establish a theoretical
framework augmented by numerical simulation and experimental verification.
This thesis consists of six chapters and is organized in the following manner:
Chapter 2 provides a new perspective on mean contact pressure based on energetic
consideration. Then, we propose a new physical model to effectively describe the mean
contact pressure of plastically graded materials. New concepts such as equivalent volume
and non-recoverable work are discussed. In addition to quantification of indentation
response, a qualitative discussion on the energetics of the indentation response is also
provided based on the theory and simulation results.
Chapter 3 presents a systematic parametric study of indentation of plastically graded
materials. The procedure of dimensional analysis is described in addition to the physical
model proposed in chapter 2. Then, the universal dimensionless function is established for
determining the indentation loading response of plastically graded materials after the
methodology of computational analysis is described within the context of finite element
analysis. The numerical formulation is also rationalized and validated to ensure the physical
relevance of the entire framework.
Chapter 4 focuses on the experimental verification of the extracted dimensionless
function using Graded Ni-W alloys that were chosen as the model material system. The
description of experimental techniques and procedures is followed by a discussion of the
experiment results. Then, the dimensionless function of loading is applied and compared to
the experimental results. It is demonstrated that the experimental indentation curve is
consistent with results from the theoretical prediction.
Chapter 5 illustrates the surface energy contribution to the indentation size effect.
The different approaches between the present research and previous studies are discussed
regarding the type of surface energy used to account for the indentation size effect. Then,
the new functional form of indentation hardness vs. indentation depth is derived to predict
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the indentation size effect. When the functional form is applied to the existing experimental
data from the literature and to some new preliminary experiments, derivation from our
physical model leads to surface energies comparable to experimental values. Further
experimental verification is needed in future work.
Chapter 6 summarizes the significant results and conclusions from this research.
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Chapter 2
Physically based model for indentation of
plastically graded materials
This second chapter presents a physical model which used to describe contact
mechanics analysis of plastically graded materials. A non-recoverable work model is
proposed to represent mean contact pressure of homogeneous materials in terms of a rate of
energy change. Then, the model is expanded for plastically graded materials. While a
number of simulation results will be provided to explain the physical model, the details of
computational methods will be described in Chapter3.
2.1 New interpretation of mean contact pressure
Theoretical studies of both conventional hardness tests and instrumented indentation
have focused on the viability of using data from experiments to extract mechanical
properties such as Young's modulus, yield strength and work hardening exponent. For
example, many analytical models were proposed to relate mean contact pressure (hardness)
with young's modulus and yield strength. Numerical simulation has been used in recent
investigations of instrumented indentation to develop methods to predict mechanical
properties from indentation curves. There has been lack of fundamental understanding of
mean contact pressure (hardness) from the perspective of energetic consideration using the
continuum mechanics.
Sakai [53] estimated true hardness based on the inelastic surface deformation energy
involved in the indentation cycle which provided qualitative understanding of conventional
Vickers hardness although his analysis can only be applied to a limited range of materials.
The work of indentation has been utilized in several studies [23, 25, 54-58]. The total work
done by the indenter can be calculated by integrating the loading / unloading cycles. The
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ratio of irreversible work to total work for a complete loading and unloading cycle is used
to make correlation with the ratio of maximum depth to residual indentation depth. Such an
approach is for practical purposes rather than fundamental understanding since the
measurement of residual indentation depth hr from instrumented indentation usually has
considerable experimental error. In the present fundamental study, the mechanical and
physical meanings of conventional mean contact pressure will be addressed in terms of an
energy based derivation in the context of continuum mechanics.
2.1.1 Mean contact pressure for homogeneous materials
Figure 2-1 shows a schematic description of conical indentation. In the context of
continuum mechanics, the potential of general indentation can be written by:
f =U - a-ds
=U, - J ruds
= U, - Wo-nu,ds
where UO is total internal energy of a material system; r corresponds to traction
components; o- represents stress components; and u is the displacement of the boundary
contact surface S.
Pm
Figure 2-1: Schematic diagram of conical indentation where is mean contact pressure;
V indented volume; S contact area of a conical indenter; and Uo internal energy of
material under indentation.
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For frictionless indentation, the shear stress components at the surface are zero.
Furthermore, consideration of axisymmetric deformation eliminates stress components in
the direction of x and y at the surface so that the expression of the potential is reduced to:
06= U, - foau n ds
= U - jf uds,
where the boundary of surface integral on S is transformed into the projected area Sz.
According to mean value theorem, there should be a mean value of stress component
on the projected area such that
6 U, - Ju ds,
-U, - p juzds,
where the mean contact pressure is denoted as p.
The surface integration of displacement corresponds to the indented volume y
fuzdsz =V,
The indented volume can be expressed in terms of penetration depth by:
1 1V=-ah=-zcrh'tan'0
'3 3
where a is the contact radius; h indentation depth; 6 tip apex of conical indenter; and pile
up and sink-in are taken into account by the factor a. Finally, the potential of frictionless
conical indentation can be expressed by:
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According to minimum potential energy principle, the derivative of the potential
should be zero such that:
0 pa8V, a8V, '
PM auO
energy change with respect to V, .
In the context of thermodynamics, a rate of internal energy change is criterion to
determine the stability of a quasi-static process. For instance, if the rate of a process is
smaller than the other, the process is more stable and more prone to occur than another
process. In this sense, if the mean contact pressure of a material is smaller than that for
other materials, it's more compliable to be indented than others. Thus, mean contact
pressure (hardness) can be considered as a measure for the criteria of contact resistance.
Another important implication of the new definition is that hardness of materials can be
changed by any type of inhomogeneity that leads to variation in a rate of internal energy
change.
By conventional definition, mean contact pressure is also calculated by an applied
load divided by the projected area of the contact surface. With consideration of pile-up and
sink-in, mean contact pressure is written by:
P P
P. -
" A,' -rah' tan' 0
By substituting p with a rate of internal energy change and rearranging the expression,
indentation load P is stated as:
P= "ar tan2 0 h2
-Ch'
- 30 -
Then, substituting for indented volume, we find the relationship:
C P OUO
h ' 2 h3
3
In this expression, we recognized the square dependence of indentation depth as Cheng and
Cheng [23, 59] deduced from dimensional analysis. If the rate of internal energy change is
constant with respect to indented volume, it directly leads to Kick's relation for
homogeneous materials.
Although a constant rate of internal energy change is intuitively obvious for
indentation of homogeneous materials due to the geometrical self similarity, a
representative computational example in Figure 2-2 (a) conforms that the internal energy of
homogeneous materials is linearly proportional to the indented volume. Thus, the internal
energy experiencing conical indentation for homogeneous materials is given by:
U = pV, = -Ch 3
3
The curvature C can be calculated from the slope of internal energy variation as shown in
Figure 2-2 (a). Curvature C can also be independently obtained by dividing reaction force P
by square of indentation depth as in Figure 2-2 (b). Both methods should be consistent with
each other if the mean contact pressure obtained from energy based approach is valid. Since
both of the slopes from Figure 2-2 (a) and Figure 2-2 (b) agree well, it conforms that mean
contact pressure from a rate of energy change is consistent with that obtained using the
conventional definition.
This consistency is somewhat obvious when a simple energy balance analysis from
the conventional hardness is conducted [42, 51]. The increment of work done by indenter is
given by:
dW = Pdh
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Figure 2-2: For homogeneous materials with E = 214 GPa, n = 0 and yield strength 214
MPa, (a) Indenter Load behaves linearly with respect to square of indentation depth h2. The
slope corresponds to the curvature C of Kick's Law. (b) Internal energy vs h-/3. Internal
energy is linearly proportional to indented volume.
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From the conventional definition of mean pressure, the mean pressure is written by:
P dW dW
P. A Adh dV
Since the increment of work done by an indenter is equivalent to the increment of the
internal energy, the mean pressure is also defined by a rate of internal energy rate from the
conventional definition. However, the main purpose of the previous derivation is to
rigorously introduce a fresh approach to the meaning of mean pressure in terms of a rate of
internal energy change.
Sakai [53] proposed the "work of indentation" as an alternative definition of mean
contact pressure by
U
V,
However, our energy based approach suggests that his definition is only physically relevant
and applicable to homogeneous materials and not to inhomogeneous materials where the
rate of internal energy change is no longer constant.
Before proceeding to the next step, we should consider the determination of the pile-
up and sink-in factor a. While many studies provided the functional forms of factor a in
terms of a dimensionless parameter yield strain, there are difficulties in defining exact
contact area both in experiments and computationally. Here, we assume that a equals one
for the illustrative purpose of developing our physically based model. In chapter3, a more
rigorous model was developed to determine the dimensionless function of indentation load
P which includes curvature C instead of mean contact pressure p . This enables the
inclusion of the uncertainties associated with pile-up and sink-in factor a to be avoided.
Figure 2-3 shows the variation of the mean contact pressure of a material with E =
214 GPa and n = 0 in terms of yield strain. For fixed Young's modulus, variation of-
reflects that of a The mean contact pressure increases as yield strain increases because a
rate of internal energy change gets higher for harder materials.
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Figure 2-3: Mean contact pressure varies with yield strain for homogeneous materials with
E = 214 GPa, n = 0.
The asymptotic behavior is observed at both limits. This asymptotic behavior can be
explained by differentiating deformation characteristics.
Deformation characteristics of an elasto-plastic material may be separated into elastic
strain energy and plastic dissipation that make up the internal energy as:
U=U,+U,
Additionally, the mean pressure is also comprised of elastic contribution and plastic
contribution as well since:
PM auO
aU BU__
a8V, a8V,
=Pd +p
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The ratio of A to p plotted for different materials in Figure 2-4 illustrates their
individual contributions: When the ratio is one, the elastic and plastic deformations are
identical; when the ratio is less than one, plastic deformation is dominant; when the ratio is
larger than one, then elastic deformation dominates. Figure 2-5 (a), (b) and (c) show elastic
energy and plastic dissipation versus indented volume V for three deformation regimes.
The slope of the lines in each figure indicate the mean contact pressure of elastic and
plastic contributions respectively as both elastic energy and plastic dissipation are linearly
proportional to the indented volume for homogeneous materials. The rate of plastic
dissipation change is larger than that of elastic energy change in Figure 2-5 (a), whereas it
is the opposite case in Figure 2-5 (b). Figure 2-5 (c) shows their energy variation when two
contributions are identical. When the dimensionless parameter yield strain decreases to
zero, the ratio of A to , approaches zero so that material deforms only plastically and the
mean pressure of a material becomes equivalent to the mean pressure of rigid plastic
deformation.
10I
Ppi
I I
Figure 2-4: Plot of the ratio of elastic contribution to plastic contribution of mean contact
pressure for homogeneous materials with E = 214 GPa and n = 0. The blue line indicates
when both contributions are identical.
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Figure 2-5: Internal energy vs indented volume for the regime of (a) plastic deformation
dominant, (b) identical contribution and (c) elastic deformation dominant.
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It is known that the mean contact pressure of rigid plastic deformation is proportional
to the yield strength [8, 60] so that the mean contact pressure becomes zero at the lower
limit. On the other hand, when the parameter increases, the ratio goes to infinity so that
only elastic deformation exists. The equation for the mean contact pressure of defect
forbidden elastic deformation is derived by Sneddon [61]. For E = 214 GPa, the mean
pressure is calculated 18 GPa corresponding to the upper limit.
2.1.2 Contact mean pressure of conical indentation of plastically graded
materials
The indentation response of plastically graded materials deviates from the behavior
predicted by Kick's law, since the rate of internal energy change is non linear due to the
gradient in plasticity. In this section, we explore the effect of the gradient in plasticity on
the mean contact pressure of conical indentation of plastically graded materials and how
this differs from the behavior of homogeneous materials.
Figure 2-6 (a) schematically shows the indentation of plastically graded materials
using the conical indenter. The conical indenter was chosen to represent general behavior
of sharp indentation. For a Berkovich indenter, the corresponding apex tip angle of the
equivalent cone angle is fixed as 70.3 degrees. Moreover, the conical indenter can be
modeled as an axisymmetric two-dimensional finite element model so as to capture the
result of a full three-dimensional model with sufficient reduction of computation power.
Figure 2-6 (b) illustrates the profile of gradient in plasticity. Every material point across the
interface has a different yield strength varying across the interface:
a- = a-~' q(z)
and deformation is governed by a certain constitutive model as:
o. = EJ,,,
o-=0 o-f(sO,)
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It should be noted that while chapter 3 specifically deals with the case of a linear gradient
in plasticity governed a the power law relation, the framework introduced in this chapter
can be applied to any plastically graded materials regardless of type of gradients varying
either monotonically or not and regardless of constitutive relations (e.g. a power law
relation).
(a)
C Plastically graded material
(b)
i e
o= cr'q(:)
Figure 2-6: (a) Schematic diagram of plastically graded materials using conical
indentation, (b) Profile of gradient in yield strength in the direction of indentation depth z
and constitutive laws of plastic deformation that governs each material point, A, B, and C
respectively.
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The internal energy of a graded material U can be normalized by the internal energy
of the homogeneous material U" at surface point A so that it is written as:
U"
* U " " " )
where the normalized ratio is denoted by Go.
Figure 2-7 plots Go with respect to V, for a representative case of increasing
gradients in plasticity. Contrary to the homogeneous case, the internal energy of a graded
material U is not linearly proportional to V so that Go shows the non linear behavior and
represents the gradient effect of plastically graded materials.
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Figure 2-7: Normalized ratio Go shows the non linearity of internal energy of graded
materials whose mechanical properties are E = 214 GPa, n = 0, cr- = 214 MPa, and index
of gradient / = 0.5.
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Taking a derivative of the internal energy gives the mean contact pressure of a graded
material ". Since Go is a function of the indented volume y the mean contact pressure
becomes:
B aU"
p" = "
- V,
=-" G +U"JI
aV, " aV,
Using the following identity for homogeneous materials:
au," =
aV T
U,"
V
the mean contact pressure is then given as:
au"p" " G
. 8V_ "0
U" G,
+ " V *
V, 'aV,
aG
= p"(G,+V, *I)
av,
,.,aG.v
av
aV
Here, we introduce a new definition called equivalent volume defined as:
V" =VG 0=V* ' "0 '
U1
U"') at V1
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Rearranging reveals the meaning of the equivalent volume as follows:
U"
V
=U,"
where the internal energy of a graded material with an indented volume V is equivalent to
the internal energy of the homogeneous material at the equivalent volume V. A schematic
"0
description of this relation is given in Figure 2-8 showing that V is determined when the
fa
filled areas of both eases become equivalent.
P.
g
eq
Figure 2-8: Schematic diagram of mean contact pressure: The grey line corresponds to the
constant mean contact pressure of a homogeneous material. The red line corresponds to the
plastically graded material with increasing gradient from the same yield strength of the
homogeneous material. Filled area represents internal energy.
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Using the above relation, another important relation was found as follows:
U"
a 0
av$ 9 1
av, av
1 au 9
au;'
P"
such that a rate of equivalent volume change aVg can be represented by a rate of internal
aV,
energy change aU: . Furthermore, a rate of equivalent volume change is equivalent to the
au"',
ratio of the mean contact pressure of graded materials to the mean contact pressure of
homogenous material We denote this ratio by indentation gradient factor . Then, the
mean contact pressure of plastically graded materials is given by:
g H H 9HUO H
P . = P .H g = P I P . BH a o = P m P MirPPM MggPM a' m a __I Hm
Iv Pm U PMT
From a practical standpoint, we may utilize equivalent volume by integrating g in
order to design materials that have equal energy absorption but higher hardness than
homogeneous materials. From the physical viewpoint, g indicates how a rate of internal
energy change varies due to gradient in plasticity. Figure 2-9 shows an example of the
behavior of g for plastically graded material with increasing gradient in yield strength. At
the beginning, a rate of internal energy change increases rapidly by experiencing plasticity
gradient and then follows asymptotic behavior when the indented volume increases.
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Figure 2-9: Indentation gradient factor g, for E = 214
surface = 214 MPa and the index of linear gradient #= 0.
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Performing parametric study to calculate the indentation gradient factor is
relatively simple and straightforward since is equivalent to the ratio of to p and the
dimensionless functions for pH are available from the previous studies. However, g does
not provide further insight into characteristics of indentation of plastically graded materials
and even not explain its asymptotic behavior. Thus, we tried to explicitly express elastic
and plastic contributions as we did for homogeneous materials in section 2.1.1. The two
contributions in the mean contact pressure of plastically graded materials are given by:
au"
P 9V
a v"
Pa v a'VaV,
IIP + IIPI l
PI P i
=PK1 pP
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Figure 2-10: The ratio of g to g for E = 214 GPa, n = 0 and yield strength of surface =
214 MPa and the index of linear gradient p = 0.5
However, systematic parametric study extracting these g andg separately is a daunting
task since g andg behave in a different way as shown in Figure 2-10. As a result, for
effective parametric study, we propose a new model called non-recoverable work model
that is concise but still physically more relevant and practical to describe indentation
response of plastically graded materials.
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2.2 Non-recoverable work model
2.2.1 Non-recoverable work model for homogeneous materials
Energy is a state function so that without losing generality, a reference state for the
initial state was set to be a defect forbidden material system which is not indented. The
internal energy at the initial state U is zero as shown in Figure 2-11. At the final state,
the material system is indented to the depth of ho and is deformed elasto-plastically. The
difference between the initial state and the final state is that the material system at the final
state contains dislocations with a certain distribution. (To illustrate, the dislocation
mechanism is chosen for plastic deformation. However, it could be another mechanism,
such as the grain boundary sliding mechanism.) Thus, the energy change AU is the energy
required to generate dislocations in the current distribution.
Initial state Final state
AU =U ho
L
U -L
Intermediate state
Figure 2-11: Schematic illustration of different paths of energy states for a material system
in the process of indentation. The red region at the intermediate state represents elastic
strain. The strain energy is released by plastic deformation.
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Then the internal energy at the final state is given by:
=0 + U
Since a state function is path independent, another path can be taken to the final state. The
recent colloidal model provides a valuable analogy to the mechanics of indentation from
the aspect of dislocation nucleation and dynamics [62-65]. A fundamental aspect of this
model is that the elastic strain energy of a defect forbidden material U is released by
dislocation nucleation and activity. Using this analogy with the colloidal model, an
alternative path to the final state is modeled as follows: First, the material system at the
initial state is deformed only elastically to the depth of ho and then reduces elastic strain
energy by nucleating dislocation in the distribution at the final state as shown in Figure 2-
11. AU is the elastic strain energy U stored in the defect forbidden system at the
indentation depth of ho at the intermediate state so that the energy at the final state of the
alternative path is given by:
U,_, =U,, + AU,
Equating the internal energies at the final state from the two different paths, the AU2 is
given by
AU, = U' ,,,,,.. - Udf,
Since the dislocation generation energy is always smaller than the strain energy of the
defect forbidden system, AU reflects the strain energy released by generating dislocations.
In the case of fracture formation underneath an indenter, the physical relevance of
AU, becomes clearer. At the final state shown in Figure 2-12, the material system is
indented to the depth of ho and contains cracks with residual elastic deformation, assuming
no plasticity deformation.
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Initial state
AU =U
crack
AU, =
Intermediate state
Figure 2-12: Schematic illustration of different paths of energy states for a material system
in the process of indentation. The red region at the intermediate state represents elastic
strain. The strain energy is released by crack propagation.
Here, the energy change AU is the energy required to create cracks and residual elastic
deformation Ucrack. Then, an alternative path to the final state is modeled as follows: First,
the material system at the initial state is deformed only elastically to the depth of h0 and
then reduces elastic strain energy by creating cracks at the final state. As in the previous
case, AU is still the elastic strain energy U- stored in the defect forbidden system at the
I df,
indentation depth of ho at the intermediate state. Then, AU, is given by:
AU, = U U*di
Therefore, AU, reflects the strain energy released by generating cracks.
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Final state
When AU 2is denoted by U the total internal energy under indentation can be
written by:
U =U' + U
The relation between the total internal energy and the mean contact pressure is given by:
aUP. = &pav
au* au
=p +p
av av,
= df. P
It should be noted that this expression explicitly shows the asymptotic behavior of P in
Figure 2-3 where - is the mean contact pressure attributed to elastic deformation.
The Sneddon solution [61] provides that the mean contact pressure of an elastic-
half surface with a rigid conical indenter is proportional to an elastic modulus. With a
correction factor 1 from FEM studies [60, 66], the analytical expression of - is known
as:
S2E- cot 0 a,
6 2
where 6=1.0553 for the apex angle of 70.3 degrees and E* is a reduced modulus.
Thus, the mean contact pressure is determined by a rate of non recoverable work. For
example, for E =214 GPa, the mean contact pressure of defect forbidden material - is 18Pdf.
GPa. Figure 2-13 (a) and (b) demonstrate that P is uniquely determined by one to one
relationship with for each value of material parameter 6* . Physically, it could be
interpreted that the mean contact pressure increases with high yield strength because a non-
recoverable work rate decreases giving less plastic dissipation.
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Figure 2-13: For homogeneous materials with E = 214 GPa, n = 0, (a) the mean contact
pressure varies with different yield strain and (b) the mean contact pressure for a non-
recoverable work
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2.2.2 Non-recoverable work Model for plastically graded materials
For plastically graded materials, the total internal energy U: is given by:
U" =U +U"
where u- is the elastic energy of a defect forbidden crystal and U" is the non-recoverable
work of the homogeneous material with material properties at the surface as point A in
Figure 2- 6. The mean pressure of plastically graded materials is also given by:
p" =*
=p + Pir
While the mean contact pressure from defect forbidden elastic deformation
remains constant regardless of plasticity gradient, the mean pressure from the contribution
of the non-recoverable work P is no longer constant but a function of the indented volume
V, owing to the non-linearity of the non-recoverable work of plastically graded materials
Ug. The mean contact pressure is written with a normalized form by:
p 4, p+ p"
where the mean contact pressure of the non-recoverable work for homogeneous
materials H is still constant. We defined a normalized ratio g = that directly reflects a
gradient effect. In order to facilitate parametric study, the mean contact pressure is better
expressed with known values of p- and p . By simple algebraic manipulation, the mean
contact pressure is given by:
p = p +gp")
= p (1-g.)
+gp + gg."
+ p" g,
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Thus, g is written by:
g, =
PI -* P
In chapter 3, g is determined by systematic parametric study to cover most of engineering
materials. Here, a couple of representative examples of g for the cases of both linearly
increasing gradient and decreasing gradient are shown in Figure 2-14 (a) and (b)
respectively. For the case of an increasing gradient, the g decreases as V increases,
whereas for the case of a decreasing gradient, the g increases as V increases. These
could also be physically interpreted in terms of a non-recoverable work rate. With the
same argument used in the section 2.1.2, we can introduce the concept of an equivalent
volume for the non-recoverable work as well. Starting with the expression of internal
energy, U can be normalized by U" without losing generality:
Here, we define a normalized ratio, G,,= (P that directly represents the non-linear
U"
behavior of the gradient effect. Rearranging the total internal energy UO gives:
U: =U + GUH
=U (1 - G,)+(U' -G U")G,
=U (1 - G,,)+U,"ffG,,
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Figure 2-14: g for E 214 GPa, n = 0 and yield strength of surface = 214 MPa and the
index of linear gradient (a) for increasing gradient p = 0.5 (b) for decreasing gradient p = -
0.095
- 52 -
Taking a derivative ofUO, the mean contact pressure of plastically graded materials
P = ___a V,
dfC (1 -G,)+ G, +(UH
a V, IV,
U*
aV, a G,,aV, r
-U*) "
8f aV,
UH U * aG
+(. 0 fc )V, "
V, V, aV,
For homogeneous materials, the mean contact pressure can be also written as
a U " = U ,H
tV, V,
Thus, the mean contact pressure is written in terms of a rate of equivalent volume
change for a non-recoverable work by the following manipulation:
p, =p*(1
.dj
= pdI(1
Pdf,( 1
pdf( 1
G H G
re)+ P r + PM 
- d~c~v aV,
-G, -V, " )+ p,,," (G,, +V, rereIaV, 
a V,a(G reV)+-I(GV re
ave av reaa(Grev,) Ha(G,,VT)
-v"" ) + P H eq
V Var tmavI
where
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Therefore, we have the same relationship among a rate of equivalent volume change eq
a rate of internal energy change r and a ratio of -- as in section 2.1.2. From the
physical viewpoint, g indicates how a non-recoverable work rate varies due to gradient in
plasticity. For a increasing gradient, g decreases as indentation depth increases giving less
non-recoverable work rate due to higher yield strength and more elastic deformation,
whereas it is the opposite case for a decreasing gradient shown in Fig 2-12.(a) and (b).
Therefore, the unique indentation response of plastically graded materials can be physically
rationalized by g_.
It should be noted that the equivalent volume of a non-recoverable work V" is not
the same as the equivalent volume of a total internal energy v.. While homogeneous
materials indented with the equivalent volume of the total energy V , has the same internal
eq
energy as the graded materials with the indented volume V, discussed in Figure 2-8, its
non-recoverable work with v g is different from that of graded materials with V . This can
be understood because graded materials have different deformation mechanisms from the
homogeneous materials. At this point, we should note that the nominal value of a non-
recoverable work is not physically relevant since the energy dissipated during indentation is
much smaller than the non-recoverable work. So is not the equivalent volume of the non-
recoverable work. Nevertheless, the non-recoverable work rate is still physically relevant
since it concerns a rate, not the absolute value. An additional physical meaning and
importance of a rate of equivalent volume of the non-recoverable work will be discussed in
the next section.
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2.2.3 Possibility of using indentation for measurement of fracture resistance
Sugimura et al. [67, 68] showed both experimentally and theoretically that in a bi-
material system, the driving force for crack propagation is greater when the crack advances
from the stronger material and smaller when the crack is initiated in the weaker material.
Later, Kim and Suresh [69] expanded the problem into one of a crack in a multi-layered
material with a compositionally graded interface. In their analysis, a gradient in yield
strength with the same elasticity and work hardening was introduced in the middle layer of
a trilayer material system schematically shown in Figure 2-15. They identified the
conditions that determine the continued growth or arrest of cracks, which perpendicularly
approach the middle layer by calculating the effective J-integral for monotonically loaded,
stationary cracks (under small-scale yielding conditions). Figure 2-16 displays the
evolution of the shielding factor, JtiJ,,pp for the graded layer under increasing applied load
with the crack embedded both in the weaker material and in the stronger material. When
the crack advances from the weaker material, the shield factor increases so as to arrest the
crack. On the other hand, when the crack advances from the stronger material, the shield
factor decreases so as to sustain crack propagation.
The J integral is defined as:
J =f wdy -T ' ds
ax
where w = .de is the strain energy density, T = a n is the traction vector, F is an
arbitrary contour around the top of the crack, and n is the unit vector normal to F1.
Rice [70, 71] showed that the J integral is a path-independent line integral and it
represents the strain energy release rate of nonlinear elastic materials:
dI
dA
where A is the crack area and Hl is the potential energy defined by 7 = U - W where U is
the strain energy stored in the body and W is the work done by external forces.
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Regarding Rice's definition, the meaning of J integral is similar to that of a non-
recoverable work rate. Since Japp is constant, the shield factor is written by:
J _diIJ TI
app app
The shield factor is physically comparable with the indentation gradient factor for the non-
recoverable work g since both involve a derivative of the non-recoverable work rate. We
can see that the trend of the indentation gradient factor g in Figure 2-14 shows a similar
trend in shielding factor as shown in Figure 2-16. We may not directly compare both of the
factors due to their complete difference in deformation. However, if we compare plastic
strain evolution for both cases as shown in Figure 2-17 and Figure 2-18, most of the plastic
deformation for both crack propagation and sharp indentation takes place near the surface.
In addition, both cases showed plastic strain amplification for decreasing gradient and
plastic strain shielding for increasing gradient. Therefore, if sharp indentation is considered
as sharp crack propagation, we may use indentation results for graded materials to evaluate
crack propagation behavior. Provided systematic parametric study is performed in a
consistent manner for the shielding factor and the indentation gradient factor g_, we may
quantitatively correlate the shielding factor with indentation gradient factor of the non-
recoverable work g by
Jip
app,
where A is the correlation factor.
In this way, the indentation can be a useful measurement of resistance of crack propagation
for plastically graded materials, especially for small scale applications that is difficult to
perform conventional fatigue tests with.
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Figure 2-15: Crack approaching the
material system [69].
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Figure 2-16: The evolution of shielding and amplification for a graded interlayer for plane
strain conditions [69].
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Figure 2-17: Contour plots of the effective plastic strain ahead of the crack tip for a crack
approaching a graded interlayer from (a) the plastically weaker metal and (b) the plastically
stronger metal. These plots were obtained for plane strain and for lit = 1.0 and K/(sigyL)
=.6.5 [69]
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Figure 2-18: Contour plots of the effective plastic strain ahead of the rigid indenter for the
plastically graded material with E = 214 GPa, n = 0 and yield strength of surface = 214
MPa: (a) for increasing gradient p = 0.5 and (b) for decreasing gradient p = -0.095. For the
purpose of comparison with Fig 17, the indenter is approaching from the left instead of the
top.
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Chapter 3
Systematic parametric analysis of indentation
of plastically graded materials
Chapter 3 provides a general methodology to obtain a universal dimensionless
functional form of g First, dimensional analysis is used to determine the functional form
ofg . Then, a systematic parametric study is performed to numerically extract a universal
dimensionless function for the different parameters covering general engineering materials
using finite element analysis. Finally, an example of this methodology for a linear
increasing gradient in yield strength is presented.
3.1 Dimensional analysis
Cheng and Cheng [23, 24]] and Tunvisut et al. [26] have utilized dimensional
analysis to describe the indentation response of materials. They proposed a number of
dimensionless universal functions, with the aid of computational data points calculated via
the FEM. Ming et al.[25, 57] carried out further comprehensive parameter studies of
indentation simulations within the context of dimensional analysis so as to establish the
forward and reverse algorithms. The forward algorithm predicts the indentation response
from a given set of elasto-plastic properties, while the reverse algorithm extracts the
empirical constitutive relation from a single set or multiple sets of indentation responses.
Experimental results have showed that these new algorithms more accurately predict the
indentation response than previous models. A number of other studies applied the same
framework of dimensional analysis to construct more accurate dimensionless functions [27,
28, 54, 58, 60, 72].
The present research also uses dimensional analysis to identify dimensionless
parameters for the indentation response of plastically graded materials. However, previous
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studies typically chose arbitrary functional relations between dimensionless parameters
without consideration of physical relevance of deformation mechanics. This study
establishes the functional relation of dimensionless parameters for the indentation response
of plastically graded materials based on a newly proposed physical model and then utilizes
the dimensional analysis in order to reduce the number of parameters.
3.2 Problem formulation
Figure 3-1 (a) schematically shows the indentation of plastically graded materials
with a conical indenter. Another common indenter, the Berkovich indenter, is a three sided
pyramid indenter widely used because it can be manufactured very precisely. The apex
angle of the conical indenter was chosen to be 70.3 degrees since it has been shown that
this angle is analogous to the more common Berkovich indenter [25]. Figure 3-1 (b)
illustrates the profile of gradient in plasticity. Among many possible plasticity gradients,
the case of linear gradient is investigated in this study since it is sufficiently representative
to show the characteristics of deformation with plasticity gradient to the first order. In
addition, its simplicity is beneficial for saving enormous computational efforts without
compromising demonstration of the comprehensive methodology
The linear gradient in yield strength from the surface is defined as:
Cy-(Z) = SUrf(1+#JZ)
where 6 is named the index of gradient. For j = 0, the homogeneous case is recovered,
while for p > 0, the yield strength is increasing with depth and for pl < 0, the yield strength
is decreasing with depth.
Non linear elasto-plastic deformation is governed by the power law elasto-plastic stress
strain behavior as:
-= Esei (-O-,O7
E
a- = o-(1 +-g)"
Cy Y)
where the hardening exponent does not vary with depth.
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(b)
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Figure 3-1: (a) Schematic diagram of plastically graded materials under conical
indentation, (b) Profile of linear gradient in yield strength in the direction of indentation
depth z and power laws of plastic deformation that governs each material point, A, B, and C
respectively.
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For a sharp indenter (conical, Berkovich or Vickers, with fixed indenter shape and
tip angle) indenting normally into a plasticity gradient, the typical dimensional relationship
of load P can be written as:
P = P (h, E*, osurf, n, 8, )
where h denotes the indentation depth; E* is the reduced elastic modulus; Gy" is the yield
strength at surface; n is the strain hardening exponent; p is the index of gradient; and 0 is
the apex angle of the conical indenter. For a fixed tip angle, five dimensional variables are
required to describe indentation load. However, it is practically impossible to perform
parametric studies to cover all the engineering materials. For example, six different values
of elastic constants, surface yield strengths, hardening exponents, and index of gradient
require 1296 simulations to be performed. Therefore, dimensional analysis is used with the
smallest number of independent variables so that dimensionless functions can be obtained
for a wide range of parametric space with the least effort. In addition, the dimensionless
relation provides fundamental understanding of self similarity and scaling with respect to
each dimensionless variable. These scaling laws enable one to overcome computational
limitations.
Applying the Pi theorem in dimensional analysis, the load, P can be represented by
the dimensionless function;
P
E =[H (*,n, Ph)
E*h 2
Crsurf
where .6= '* .
so that the number of arguments is reduced to three governing dimensionless parameters
instead of five dimensional variables. It should be noted that for graded materials, the
square dependence breaks down and the mean pressure is no longer constant over
indentation depth since a relevance length parameter p is present.
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Given the physical model from the chapter 2, the indentation mean pressure of
plastically graded materials is expressed by:
p = p*,4(1 -g) + pH gre
Here, p* is the mean pressure of indentation of an elastic-half space by a rigid
conical indenter; PH is the mean pressure of indentation of elasto-plastic homogeneous
materials by a rigid conical indenter. Using the definition of mean contact pressure:
P P
P. -
A[ 1rah' tan' 0
we can express the relation by:
P Pdi 0 PH
2 2 (1-gre)+ 2 rehag h adfc h aH
As discussed in section 2.1.1, including exact quantification of pile up factors for all
three cases is ambiguous and complicated. To avoid this difficulty, we take a derivative of
Uo with respect to h3/3 so as to use the relation of:
C = -- =- * ,h8 (2
3
Resulting from this, we find the relation between curvatures C by:
P .
= C, = Cd, (1 - g,)+CH gre
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where c- is the indentation curvature of an elastic-half space by a rigid conical indenter;
c, is the indentation curvature of elasto-plastic homogeneous materials by a rigid conical
indenter at the surface as point A in Figure 3-1.
Thus, the problem is reduced to the determination of the dimensionless function:
ge =fl,,(;,n,fph)
Still, questions may arise in correct and adequate choice of the dimensionless
parameter, jh. The other parameters have been proven for their self similarity as
dimensionless parameter in the problems of indentation but Jh is newly introduced for
indentation of plastically graded materials. Therefore, general self similarity of the
dimensionless parameter, Jh should first be verified. In dimensional analysis, the
relationship of dimensionless parameters must hold when the size of fundamental units are
changed. In other words, with other independent variables fixed, the dimensionless
variable, Jh, can vary according to either p or h but all values of the function g with
different plasticity gradients 8 should overlap one another by varying h. In order to
demonstrate this, a representative simulation result of 1-g,is presented in Figure 3-2.
Each color represents a different plasticity gradient. It can be seen that all of the results
overlap for all simulations. Thus, the identified dimensionless function has adequate self
similar relationship with respect to the dimensionless parameter, ph in a given range of
indentation depth. It should be noted that the first portion of data set of each color has been
removed for curve fitting purposes because the number of contact elements is not sufficient
so that the corresponding unstable numerical errors do not conform to the actual values.
Secondly, to examine correctness of the proposed analytical expression, it is
necessary to assure whether asymptotic behavior should be observed in the computational
results just as in the physical model. Figure 3-3 shows another representative simulation
result in the wider range of ph. When the gradient p approaches zero, C, - C1 , goes to
C. -C
dfto i z
the lower limit, zero.
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Figure 3-2: Plot of 1 - g,, for plastically
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graded materials with E = 214 GPa, n = 0,
of six different p indicates self similarity of ph.
Figure 3-3: Plot of 1 - gr, for plastically graded materials with E = 214 GPa, n = 0.1, ".
783 MPa in the wide range of ph. Two limit cases are shown.
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This is to be expected as the case of fp = 0 corresponds to that of homogeneous materials.
In addition, the upper limit value of the dimensionless function should be equivalent to the
corresponding value of indentation of the elastic-half space. This is also seen in Figure 3-3,
confirming that the asymptotic behavior of the computational result is consistent with that
of the analytical expression.
After identifying the functional relationship between dimensionless parameters, a
parametric FEM study was performed to determine the closed form dimensionless
functions for the corresponding relationships.
3.3 Computational model
An axisymmetric two-dimensional finite element model was constructed to simulate
the indentation response of plastically graded materials. Figure 3-4 shows the mesh design
for axisymmetric calculations. The semi-infinite substrate of the indented solid was
modeled using 8,105 four-noded, bilinear axisymmetric quadrilateral elements. A fine mesh
near the contact region and a gradually coarser mesh further from the contact region were
used to ensure numerical accuracy. The dimension of the substrate is set large enough to
ignore sensitivity of far field boundary condition. For indents more than 1.5 pm deep*, the
minimum number of contact elements in the contact zone was no less than fourteen in each
FEM computation. Very large indentations caused an element to become excessively
distorted as shown in Figure 3-5. As a result, the maximum indentation depth was limited
to a 7 pim to avoid numerical error from mesh distortion. However, the depth over 7 pm can
still be predicted in association with self similarity of p6h. The indenter was modeled as a
rigid body; the contact was modeled as frictionless; large deformation FEM computations
were performed; and plastic deformation is governed by Von Mises criteria. Computations
were performed using ABAQUS standard. A numerical subroutine was implemented that
enables to assign individual material properties to the element level. Using the subroutine,
the gradient of yield strength was introduced across the interface. For the purpose of testing
the subroutine and verifying the mesh, the results of elastically graded materials were
successfully reproduced both for conical indentation and for spherical indentation as shown
in Figure 3-6.
* For the FEM simulation, units can be chosen arbitrarily as long as those are consistent.
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Figure 3-4: Computational modeling of instrumented sharp indentation. (a) overall mesh
design for axisymmetric finite element calculations, and (b) detailed illustration of the area
that directly contacts the indenter tip.
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Figure 3-5: Illustration of mesh distortion in computational modeling of sharp indentation.
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Figure 3-6: Reproduction of the work done by Suresh et al.[31, 32] for spherical
indentation response of elastically graded materials with a courtesy of Prasad A.
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Figure 3-7: Effect of mesh size on indentation response of the plastically graded material
with E = 214 GPa, n = 0, g = 783 MPa and#= 0.1. (a) Three different mesh sizes and
(b) normalized load vs pih.
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The size of mesh is directly associated with the continuity or discreteness of gradient.
The effects of mesh coarseness were investigated using the meshes shown in Figure 3-7.
Mesh (2) and mesh (3) is three times and five times finer than the mesh (1) respectively.
The results indicate that, although the more refined mesh provides a more accurate
representation of the gradient, the coarsest mesh used is sufficiently accurate. Therefore, in
the interests of conserving computation time, mesh (3) is used.
3.4 Parametric study
Here, the stretched exponential function exp(-(kph)d) is chosen for the
dimensionless functional form of g, = F (*, n, ph) because it satisfies the
asymptotic conditions, 0 < g,, 1 and fits the results very well. In addition, the stretched
exponential function is widely used to describe many of quasi-static thermodynamic
phenomenon or statistical distributions [73-78]. Therefore, the dimensionless functional
form of mean pressure is written by:
P 2C= -4 = -C (I - exp(-(k(flh))] + exp(-(k(ph))d)
E*h 2 E E E
where k is a dimensional constant; and d is a dimensionless constant with respect to 8h but
a dimensionless function of dimensionless parameters, n and *
P
In order to determine the functional dependence of - 2 on the governing
E*h
dimensionless parameters; e*, n, and Jh, it is necessary to calculate the functioni for a
series of each governing dimensionless parameter. In this regard, the closed form
dimensionless function was found as follows; First, the normalized mean pressure, g was
plotted with respect to the dimensionless parameter, Ph among different dimensionless
parameters n and s*. Using a sequence of fitting procedures of nonlinear regression, the
values of k and d were determined and then plotted in terms of Z* for every different valuey
- 72 -
of the parameter, n. By additional fitting procedures, the coefficients of functional forms of
k and d was expressed by n so that putting these dimensionless functional forms together
led to a complete closed form dimensionless function of indentation response of plastically
graded materials.
0.1 1 10 100
a, (MPa)
1000 10000
Figure 3-8: A material selection chart given by Ashby: elasto-plastic materials that are
covered in this study are encircled in blue.
A comprehensive parametric study of 320 cases was conducted. This study covered
nanocrystalline (nc) materials in addition to common engineering metals indicated in
surf
Figure 3-8. Values of e' = ', are varied over the range from 3.34E 4 to 4.67E-. The
strain hardening exponent, n, varies from 0 to 0.5; and Poisson ratio is assumed to be v =
0.3. Five different increasing gradients for # between 0.01 and 1 are chosen. A complete set
of coefficients for the universal dimensionless function for indentation response of
plastically graded materials with linear increasing gradient is listed in Appendix A. As
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discussed before, the dimensionless function for the homogeneous case was already
developed by the previous work done by Dao et al. [25]. This study used different fitting
functions to encompass a wider range of materials. However, it is important to note that our
framework has successfully extended that of the homogeneous case so that all the functions
developed previously can be utilized without further modification or parameterization as
long as the functions are accurate in the range examined here.
3.5 Pile-up and sink-in
Because of pile-up and sink-in, the true contact area can be either underestimated or
overestimated as much as 60% for indentation with a rigid conical indenter [79]. Thus, the
pile-up and sink-in behavior of indentation of homogeneous materials was investigated by
many studies to quantify the pile up and sink-in factor to extract accurate hardness values
from the indentation [60].
The pile-up and sink-in behavior for plastically graded materials has not been studied
yet but our simulation shows a qualitative trend of the pile up for the increasing gradient
case. For the sharp indentation of homogeneous materials, the ratio of the pileup height to
the indentation depth s/h is not a function of the indentation depth due to geometrical self
similarity. For plastically graded materials, on the other hand, the ratio is not a constant but
a function of the indentation depth and the index of the gradient. As shown in Figure 3-9,
the ratio increases when the gradient increases up to a certain gradient value and then
decreases. This trend can be rationalized by the distribution of plastic strain underneath the
indenter in Figure 2-18. For plasticity regime, since plastic strain is shielded as plasticity
gradient increases, plastic strain can not spread into the material. As a result, more plastic
shear deformation occurs outward of the surface area and the pile up evolves as indentation
depth increases. Then, during the course of indentation, elastic deformation starts to
dominate so that the ratio decreases as the sink-in involves. For further understanding and
quantitative evaluation, systematic parametric study is needed in future work.
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Figure 3-9: The ratio of the pile-up as a function of the index of gradient where s is the
pile-up height and h is the indentation depth.
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Chapter 4
Experimental verification
In chapter 3, we identified the universal dimensionless function based on the non-
recoverable work model to describe indentation response of plastically graded materials
with increasing linear gradient in yield strength. To validate the accuracy and applicability
of the function, indentation experiments were conducted with graded Ni-W alloys. In
addition, the possible engineering application of graded Ni-W alloys is discussed from the
point of view of the non-recoverable work model.
4.1 Materials
Throughout this study, the following convention proposed by Kumar et al. will be
used to categorize the grain size regimes [4]: nano-crystalline (nc) with average and total
range of grain sizes below 100 nm; ultra-fine-crystalline (ufc) with average grain size
between 100 nm and 1 pm and the total range of grain sizes below 1 pm; and micro-
crystalline (mc) with average grain size above 1 pm.
4.1.1 Nanostructured materials
From the scientific point of view, nanostructured materials with grain size variation
can be considered as ideal model structures for plastically graded materials. By virtue of the
Hall-Petch relation, yield strength is generally found to increase with decreasing average
grain size resulting from the difficulty associated with transfer of slip between grains or the
additional obstacles to dislocation motion presented by the boundaries. Although the
mechanism of strengthening in nc materials may not be the same as grain boundary
strengthening of mc materials, the Hall-Petch relation is obeyed down to very small grain
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sizes as shown in Figure 4-1 [4, 80, 81]. Below an average grain size of 15 nm, a
breakdown of Hall-Petch relation has been reported where decreasing strength occurs with
further reduction in grain size [4, 82, 83]. Thus, grain size variation through the specimen
thickness can induce plasticity gradients in the material system while maintaining constant
elasticity.
From a practical standpoint, nc materials have received significant attention in recent
years due to advancements in both fabrication and characterization technology. The
previous characterization of the mechanical behavior of nc metals such as Ni, Cu and Pd
have revealed their unique properties and shown their potential for use in damage resistant
materials. Many studies showed significant increases in hardness for other nc materials as
well [84-87]. For example, monotonic tensile tests of pure nc, ufc, and mc Ni found
significant increases in yield strength by grain size refinement, while significant ductility
decreases were observed resulting from local plastic instability events [86, 88, 89]. As
shown in Figure 4-2, the 0.2 % yield strength of nc Ni is more than five times larger than
that of mc Ni. Due to this enhanced strength, nc metals can be expected to have some
beneficial effects in contact damage resistance.
+- grain size
-1so 100 rrn 10 nm
L k
(grain Wie)'
Figure 4-1: Schematic graph of Hall-Petch relation and its breakdown observed below 10
nm.
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Figure 4-2: Monotonic tensile tests of pure nc, ufc, and mc Ni. Yield strength increases and
ductility decreases with grain refinement. The 0.2 % yield strengths are measured at 930
MPa for nc , 525 MPa for ufc, and 180 MPa for mc [90].
In addition to the advantage of contact damage resistance, the characteristic fatigue
behavior of nc materials was presented by Hanlon et al.[5, 90]. In their study,
electrodeposited nc and ufc Ni exhibited a significantly higher resistance to High Cycle
Fatigue (HCF), relative to the mc Ni counterpart under stress-controlled fatigue. On the
other hand, it was found that a higher rate of fatigue crack growth was observed in a fully
dense electrodeposited pure nc Ni, relative to both those in a similarly produced ufc Ni and
in conventional mc Ni. These results promote the idea of using the optimized variation of
grain size distribution of nc materials for fatigue resistance.
4.1.2 Ni-W graded nanostructured materials
Recent investigation has found that nc Ni-W alloys have typical characteristics of nc
materials such as high hardness values and scratch resistance and their Hall-Petch relation
with its breakdown below the 8nm grain size [82, 83]. Electrodeposition has recently been
used to produce various fine nc structures of Ni-W alloys as shown in Figure 4-3 [82, 83,
91-94].
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Figure 4-3: TEM pictures for electrodeposited nc Ni-W alloy with grain size of 20 nm, 10
nm and 3 nm. The diffraction patterns indicate crystalline of Ni-W alloy [94].
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The main advantage of using electrodeposited nc Ni-W alloys for this study is that
grain size can be varied in a controlled manner. Figure 4-4 schematically illustrates the
process of electrodeposition. Yamasaki et al. [82, 91] found that the structure of
electrodeposited Ni-W alloys depended on both current density and plating bath
temperature. Detor et al. [92] measured W composition in terms of current density as
illustrated in Figure 4-5 (a) and measured grain size in terms of W composition as shown in
Figure 4-5 (b). Combining these two relations, nc Ni-W alloys with smooth variation of
grain size can be fabricated. Since the relation between hardness and grain size follows the
Hall-Petch relation over the 8nm grain size, we can introduce the gradient of hardness into
graded Ni-W alloys in a controlled manner. Detor et al. successfully manufactured a 70 pLm
thick graded Ni-W with a linear gradient in hardness.
The drawback of using nc Ni-W alloys is that their elastic behavior varies with grain
size due to the compositional change in W. However, the effect of the gradient in elasticity
on the indentation response was negligible for the present range of W composition used in
this study compared to the effect of the gradient in plasticity. (The details will be provided
later in this chapter.) Therefore nc Ni-W alloys with variation of grain size can be used as
ideal model structures for plastically graded materials.
+I
Figure 4-4: Schematic description of electrochemical deposition for nc Ni-W alloy. The
current density plays a key role in determining grain size.
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Figure 4-5: The relation between (a) W composition and Current density and (b) grain size
and composition with courtesy of Andrew Detor.
4.2 Experiments
4.2.1 Sample preparation
For the purpose of comparison, three types of Ni-W alloys were tested; homogeneous
nc Ni-W with average grain size of 20 nm; homogeneous nc Ni-W with average grain size
90 nm and graded Ni-W alloys with linear increasing gradient in plasticity (p > 0). The
thickness of the graded material is 40 pm and it consists of a 20 pm thick graded layer with
variation of grain size from 90 nm to 20 nm and thereafter another 20 Jim thick
homogeneous layer with 20 nm grain size attached to a copper substrate. To introduce a
linear gradient in flow stress, the grain size decreased in a controlled manner, being
proportional to the reciprocal of square of depth. All the samples were provided by Detor et
al.. The index of gradient is experimentally evaluated later in this chapter.
The samples were carefully mechanically polished using diamond suspensions of 1
im and 0.25 im particle sizes. Subsequently, they were electropolished using an
- 82 -
electrolyte consisting of Ethanol, 2-Butoxyethanol, Perchloric acid, and water in a
LectroPol-5 (Struers A/S, Rodovre, Denmark). The electropolishing is chosen to minimize
the surface removal of graded materials since the graded region is only 20 um thick. The
surface removal for the graded sample was measured to be about 4.3 Jim on average. Two
additional homogeneous samples were prepared by mechanical polishing only using SiC
paper and diamond suspensions of 9, 3, and 0.25 pm particle sizes in order to identify any
possible effect on indentation response due to the electrochemical polishing procedures.
4.2.2 Indentation test
Experiments were conducted using a Nano Indenter XP (MTS Systems Corporation,
Eden Prairie, MN, USA) as shown in Figure 4-6 (a) with a diamond Berkovich tip. The
Nano Indenter XP uses a coil-magnet assembly for loading a probe, and measures the
displacement into the sample with a capacitance gauge. It is well known for its accurate
correction of machine compliance in high load range and for precise detection of sample
contact, which are critical for acquiring exact indentation loading curves. In addition to
accurate load and displacement data, the instrument provides continuous measurement of
the contact stiffness via a superimposed AC signal during loading as illustrated in Figure 4-
6 (b) so that the hardness and modulus can be tracked continuously throughout the depth of
indentation. Details of this instrument can be found in the literature [13].
0
time
(a) (b)
Figure 4-6: (a) Picture of the Nano XP indenter and (b) Schematic description of the load
input for CSM
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More than 8 indentations were made and results averaged for each specimen. The
samples were indented to a depth of 4ptm at a constant indentation strain rate of 0.05 s-.
Subsequently, the load was held constant for 10 s. Then the specimens were unloaded to 10
% of the maximum load and the load was held constant for 50 s in order to determine the
displacement rate produced by thermal expansion in the system. Finally, the load was
removed completely. The displacement data were corrected assuming a constant drift rate
throughout the test. The contact stiffness was determined continuously during loading
using the continuous stiffness measurement (CSM). The data were corrected carefully for
machine compliance in the high load range, which is crucial for analyzing the loading
curves.
4.3 Results
Figure 4-7(a) and 4-7 (b) give two indentation curves for both mechanical and
electrochemical polishing for the homogeneous coarse nc Ni-W alloys and fine nc Ni-W
alloy. The difference between mechanical polishing and electrochemical polishing is less
than 6 % at depths > 500 nm for both homogeneous nc Ni-W alloy. Therefore, the load-
displacement curves were not affected by polishing methods at depths > 500 nm, which is
the range relevant to our analysis so that the usage of electrochemical polishing is
legitimate.
Then, hardness was measured continuously by CSM as shown in Figure 4-8. The
continuous variation in hardness is plotted with respect to the depth of indentation. The
hardness value of the homogeneous fine nc Ni-W alloy is 8.25 GPa on average and it is
significantly higher than that of the homogeneous coarse nc Ni-W alloy 4.75 GPa by about
a factor of 1.7. The hardness remains constant for the homogeneous nc specimens. On the
other hand, the hardness of graded specimens increases from the side of the coarse nc Ni-W
alloy to that of the fine nc Ni-W alloy. The hardness value of the graded Ni-W alloy at the
surface is larger than that of the homogeneous coarse nc Ni-W alloy due to the removed
portion by polishing. From the view of the energy based derivation in Section 2.1.1,
hardness (mean pressure) from the indentation experiments corresponds to a rate of internal
energy change. If the hardness of the graded Ni-W alloy is normalized by the hardness of
the coarse nc Ni-W alloy, the ratio is identical to g
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Figure 4-7: Comparison of P-h curves between electro chemical polishing and mechanical
polishing of (a) the homogeneous coarse nc Ni-W alloy and (b) the homogeneous fine nc
Ni-W alloy
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Figure 4-8: Indentation hardness vs indentation depth for the fine ne Ni-W
nc Ni-W alloy and the graded nc Ni-W alloy
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Figure 4-9: P-h curves for the fine nc Ni-W alloy, the coarse nc Ni-W alloy and the graded
nc Ni-W alloy
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Thus, such an increasing trend manifests the effect of increasing linear gradient in plasticity
on the rate of internal change of graded materials. For example, at indentation depth 4um,
the rate of internal energy of the graded Ni-W alloy is about 1.5 times larger than that of the
homogeneous coarse nc Ni-W alloy. The indentation load-displacement curves are also
plotted in Figure 4-9. The indentation curve of graded materials begins with that of the
coarse nc Ni-W alloy and approaches that of the fine nc Ni-W alloy since the effect of the
increasing gradient in plasticity results in an increase of curvature C.
For further physical interpretation and quantitative analysis of indentation response,
applying our physical model is informative. Before proceeding to the next step, we should
discuss the issue of elasticity change in graded Ni-W alloy. As mentioned in 4.1.2, graded
Ni-W alloy used in this study has a relatively small gradient in modulus since W
composition varies with grain size but our model is based on gradient in plasticity with
constant elasticity. However, it was confirmed both experimentally and computationally
that the effect of elastic gradient is almost negligible compared to the effect of a gradient in
plasticity for the present setup of indentation tests. From the experiment results, Figure 4-
10 shows a continuous plot of modulus with respect to indentation depth. The modulus of
the graded Ni-W alloy remains almost constant with respect to indentation depth for the
given range of indentation depth.
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Figure 4-10: Modulus vs indentation depth for the fine nc Ni-W alloy, the coarse nc Ni-W
alloy and the graded nc Ni-W alloy.
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From computational simulations, five different P-h curves were compared. First, two
cases in cyan and in blue represent a homogeneous coarse nc Ni-W alloy and a
homogeneous fine nc Ni-W alloy respectively. Secondly, two cases in green and in red
simulate graded materials with the same gradient in yield strength but with different
Young's modulus of the coarse nc Ni-W alloys and Young's modulus of the fine nc Ni-W
alloys. The gradient in yield strength varies from the yield strength of the coarse nc Ni-W
alloy to that of the fine nc Ni-W alloy. Finally, the last case in black corresponds to the
actual graded Ni-W alloy sample for the experiment that has gradient in both plasticity and
elasticity. Three P-h curves for the graded materials are positioned between those for two
homogeneous materials and clearly show differences as expected. However, the difference
among the actual graded sample in black and the two graded materials in green and in red
are less than 2.3 % at depth < 4um. so that gradient in elasticity in the sample is negligible
compared to the gradient in plasticity. In this regard, the graded nc Ni-W alloy system is
considered an ideal model system for plastically graded materials and the dimensionless
function extracted in chapter 3 is applicable.
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Figure 4-11: Effect of
simulated.
gradient in elasticity on P-h curve: Five different cases were
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4.3.1 Comparison with a universal dimensionless function
To utilize the dimensionless function, the input parameters g' and n for the
Y
homogeneous coarse nc Ni-W alloy are required. Unfortunately, measurement of these
material properties from uniaxial tensile test is currently not available since
electrodeposited Ni-W alloy samples are too small for tension testing. However, these
properties could be extracted from the experimental indentation curve by using the reverse
algorithm previously described in Figure 1-2. The material properties of the coarse nc Ni-W
were obtained as follows: the reduced modulus E* is 197.9 GPa; the yield strength Oa)
1.374 GPa; and the strain hardening exponent n is 0. All the extracted values are reasonable
considering the material properties of electrodeposited nc Ni: the yield strength of Ni is
over 1 GPa and the strain hardening is zero [6, 7, 95]. In addition, Figure 4-12 shows that
the experimental curve matches with the predicted curve with the extracted values by less
than 4.6 % difference.
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Figure 4-12: P-h curve of the homogeneous coarse Ni-W alloy and its comparison with the
prediction from the reverse analysis.
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In addition to g* and n, the index of gradient/p is also required. Assuming that the
Y
hardness is proportional to the yield strength, the value of linear gradient p can be obtained
from the gradient in hardness. If we presumed that the hardness gradient was linear so that
the index of linear gradient p8 was calculated 3.684E-2 using the hardness values of two nc
Ni-W alloys from the experiment and the thickness of the graded layer.
The above value of j was experimentally verified as follows. Many studies have
characterized a gradient in hardness for a layered material by using cross-sectional
indentation. However, if the thickness of a layer is not sufficiently large enough such as for
the case of continuously graded materials or fine discrete materials, deformation from
cross-sectional indentation is not identical to deformation from planar indentation. Thus,
the question arises as to whether the gradient in hardness from cross-sectional indentation
may represent the actual gradient in hardness across the surface. In this study, the hardness
profile across the surface was obtained in a different way. The surface of the graded sample
was polished at a slight angle and then a series of indentations were made from the surface
point A to the copper substrate as schematically shown in Figure 4-13. The hardness is
continuously measured to a depth of 1 pm by CSM at each indentation but the hardness
value averaged only in the range of indentation depth from 400 nm to 800 nm to minimize
the effects from layers nearby. The profile of indentation hardness across the surface is
given in Figure 4-14. There is some scatter but overall, the linear trend is clearly observed.
The index of linear gradient p8 is measured as 3.72 1E2 by linear fitting and the difference
from the calculated value is only by 1%. Therefore, our graded Ni-W is considered to have
a linear gradient in yield strength with p8= 3.684E2
Taking into account the removed surface layer 4.3 pm, the yield strength of the
electrochemically polished surface was interpolated to be a-,= 1.598 GPa from a-,= 1.374
GPa. Thus, g* is calculated to be 8.074 E-3. The Poisson ratio v was assigned to be a
Y
typical value of 0.3.
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Figure 4-13: The schematic description of indentation of the graded nc Ni-W alloy at a
tilted angle to obtain the gradient in hardness.
Indentation hardness (GPa)
0 1 2 3 4 5 6
20 pm
20 pm
nc homogeneous
1 mm
Figure 4-14: The profile of indentation hardness across the surface from the experiment
described in Figure 4-13 and the schematic description of the graded nc Ni-W alloy
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Figure 4-15: Comparison of P-h curves between the graded nc Ni-W alloy and the
prediction based on the non-recoverable work model
The effect of friction between the indenter and the specimen on indentation
response has been investigated in many of the studies [60, 96-99]. It is observed that the
effect becomes more significant as the plasticity contribution increases [60]. For example,
for the conical indenter with apex angle 70.3 with the typical friction coefficient at a
diamond indenter-metal contact 0.15, the difference in indentation curvature C between
friction and frictionless conditions is more than 10% in the full rigid prefect plastic regime.
However, the material system of the present study has a relatively high value of g* and our
y
simulation result found that the difference in the curvature between friction and frictionless
conditions is less than 1%. Thus, the effect of friction on the indentation curvature is
negligible in the present study.
From a knowledge of all input parameters, the indentation curve of the graded Ni-W
alloy was predicted. Figure 4-15 includes four P-h curves where the homogeneous coarse
nc Ni-W alloy is indicated by a red dot; the homogeneous fine nc Ni-W alloy by a black
dot; the graded nc Ni-W alloy by a blue dot; and the prediction for the graded nc Ni-W
alloy is indicated by a solid blue line. The predicted curve matches the experimental curve
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very well within 3 % error. Therefore, it is concluded that the non-recoverable work model
can be successfully used to describe indentation of plastically graded materials.
The graded nc Ni-W alloy has the potential advantage in any engineering
application as shown in the following results. First, g for the graded nc Ni-W decreases as
indentation depth increases as shown in Figure 4-16. Using the correlation between g and
the shield factor in section 2.2.3, the graded Ni-W alloy is expected to have better
resistance of crack propagation than the homogeneous coarse nc Ni-W alloy. Second, the
indentation depth when load is identical for both the homogeneous fine nc Ni-W alloy and
the graded nc Ni-W alloy is identified by establishing the prediction curve as shown in
Figure 4-17. After indentation to a depth of 9.284 tm, the graded nc Ni-W alloy requires
higher load than the fine nc Ni-W alloy to be indented. (It is assumed that the plastic
deformation is still confined in the graded layer.) As already mentioned, a finer nc material
has disadvantage against crack initiation at the surface compare to a coarse nc material.
Based on these results, the optimized graded Ni-W may substitute for the homogeneous nc
Ni-W alloy for a high resistance but against crack initiation and propagation.
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Figure 4-16: Plot of g for the graded nc Ni-W with respect to indentation depth
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Chapter 5
Indentation size effect due to surface energy
Indentation size effect is the apparent increase in measured indentation hardness for
homogeneous materials as indentation depth decreases on a microscopic scale with less
than lum indentation depth. The indentation size effect causes uncertainty in measurement
of small scale mechanical properties. In this chapter, the surface energy contribution to the
indentation size effect will be discussed based on the energy based derivation.
5.1 Introduction
Many experimental and theoretical studies have attempted to explain the physical
mechanisms responsible for the indentation size effect [38-40, 42-52, 100]. Two prevailing
mechanisms are dislocation plasticity theory and surface effects. However, all models
introduced physically rationalized fitting parameters. This section summarized those
mechanisms in this section.
5.1.1 Dislocation plasticity theory
Dislocation plasticity theory explains the indentation size effect in crystalline
materials by the concept of geometrically necessary dislocations. Stelmashenko et al. [47]
explains the indentation size effect of Mo and W single crystals by the local dislocation
hardening due to geometrically necessary dislocations. In his model, the hardness is given
by:
cot$?H = Aapb(p + _ 2
bd
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where A is the dimensionless coefficient of constraints and a is the dimensionless
coefficient of constraint and Taylor hardening, p is the shear modulus, b is the Burger's
vector, p, is the background dislocation density, cot P is the wedge shape of an indenter and
d is the diagonal of the impression. This equation fits experimentally measured data on Mo
and W single crystals well with fitting parameters A and a.
The simplified strain gradient plasticity model was proposed by Ma and Clark [45].
This model proposed that total dislocation density is divided into geometrically necessary
dislocation density pG and statistically stored dislocation density ps. The density of
geometrically necessary dislocations pG is related to the strain gradient for conforming
compatibility by:
" bD
where Tshear is the average shear strain underneath the impression and D is the impression
diameter.
Substituting po and cot#l in Stelmashenko's model with ps and p., the expression
bd
becomes:
H = Aapb(p, + ""''bD
This model describes the observed variation of experimentally measured hardness of
silver single crystals well.
In addition to the simplified strain gradient plasticity model, Ma and Clark also
derived a simple geometrical scaling relation for the indentation size effect and hardness
given by:
for Berkovich indenters,
8V3-H=H + 1((1+3)D -d)
3D'
for Vickers indenters,
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H=H +H = , + -- (1 + -\Z)D - d)0 D2
for conical and hemispherical indenters;
H = HO + 4-
D
where the fitting parameters9 and d are determined by best fits to the experimental data.
An equally good fit as the simplified gradient strain model can be made with these simple
geometric scaling relationships. Thus, it was realized that a set of experimental data
showing the indentation size effect could be fitted with different formulas.
Nix and Gao [42] show that the indentation size effect for crystalline materials could
be modeled using the concept of geometrically necessary dislocations and Taylor's
dislocation work hardening theory. For a geometric self similar indenter, the size-dependent
hardness was given by:
H=H 1+-h
where h *is a fitting parameter physically rationalized as a characteristic length that depends
on the indenter shape, Burger's vector and statistically stored dislocation density.
Experimental indentation data of several single and poly crystalline metals were
successfully fitted with the expression. To improve the Nix and Gao model, a few modified
models were proposed within the scheme of dislocation plasticity theory that accurately fit
experimental data [39, 40, 48, 49, 100].
5.1.2 Surface effect
Surface effect is a prevailing mechanism that attempts to explain the indentation size
effect. The hardness formula proposed by Bernhardt [38] has been widely used to take into
account the surface energy contribution to the indentation size effect:
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L = ap +alp'
where L is indenter load, p is penetration depth and ai and a2 are fitting parameters.
Frohlich et al. [41] connected ai to surface work and a2 to bulk work. The surface term was
related to an energy consumed in creating new surfaces of indentation facets and
microcracks, or a work hardened layer. In Hirao and Tomozawa's work [44] to correlate the
surface term al to thermodynamic surface energy, they measured extremely larger surface
energies of silica, borosilicate, and soda-lime ceramics on the order of 104 J/m2.
For crystalline metals, the surface effect was used to explain the indentation size
effect at very shallow depths less than 100 nm where strain gradient plasticity theories are
not valid. Gerberich et al. [43] proposed that the indentation size effect should be linked to
a ratio between energy of newly created surfaces and plastic strain energy dissipation. They
estimated surface and volume work associated with the plastic deformation during an
indentation test.
Zhang and Xu [52] and Gao and Fan [42] derived the same functional form as
Bernard's formula using energy balance analysis and a good fit was made between the
functional form and empirical data on depth-dependent hardness. Since the surface energy
extracted from an indentation test is about two or three orders higher in magnitude than the
thermodynamic surface energy, they attributed the high values of apparent surface stress to
plastic energy dissipation .Gao and Fan connected the surface term to plastic energy
dissipated at an indented rough surface using the elastic-plastic model for contact of rough
surfaces proposed by Chang et al. [101]. Zhang and Xu proposed the bearing ration model
to introduce the contribution of the plasticity dissipation to the surface term.
By far, although experimental data on depth-dependent hardness were successfully
fitted with different formulas from many different models, many new parameters are
introduced to fit the models into the data. In the present study, an analytic expression for
indentation response to describe the indentation size effect is rigorously derived based on
surface energy consideration. Then, it is assumed that the rupture of a natural oxide layer of
metals is one of the dominant surface work. The derived functional form is used to interpret
the indentation size effect of aluminum and to extract the fracture energies of aluminum
oxide.
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5.2 Indentation size effect based on energetic consideration
The contribution of surface work was not ignored for deriving mean pressure in
section 2.1.1 in the framework of continuum mechanics. Here, we include the surface work
U,,,,c in the potential:
SU - fi -ads
=U, +Uf r -ads
=U, +U, - fo-,n u,ds
With the same derivation in section 2.1.1, the potential of frictionless conical indentation
can be expressed by:
6- =U, +U., - pV
Using the principle of energy minimization, the mean pressure is given by:
p~= + au,
a 8V, aV,
where the first term corresponds to hardness by bulk deformation and the second term
represents hardness from surface contributions.
From the definition of surface energy, the energy from surface contributions is
written by:
Usurface = 4YA
where y, is a surface energy and A, is surface area of ith surface.
Assuming surface energy is constant*, the mean pressure is written by:
*Surface stress terms are ignored in this study.
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Of a number of possible contributions to indentation surface work, two contributions
should be taken into account: thermodynamic surface energy and adhesion. The
thermodynamic surface energy is required to expand contact area and has a typical value 1
Jim2 for metals [44, 52, 102-105]. Adhesion between an indenter-tip and an indented metal
has an adhesion energy less than 1 J/m2.[52]
5.2.1 Oxide rupture mechanism
In addition to the above two surface works, surface work to rupture an oxide layer is
also considered in the present study. An oxidation layer of about 5nm always exists at the
surface of a metallic sample under typical ambient conditions [106-108]. In a harsh
environment, such as high temperature, mechanical polishing or low PH, oxidation layer
thickness is increased [107-109]. The effect of oxide layer on indentation response was
considered by Kramer et al. to explain a burst in the load-displacement curve at small
depths [110]. They hypothesized that oxide rupture occurs when the strength of the oxide is
exceeded at the point of maximum tensile stress under the indenter. A first order fracture
mechanics model of oxide fracture was involved to account for the change in yield point
load (burst point) with oxide thickness. The present study also accounts for fracture
surfaces within the oxide layer to model the indentation size effect. We assume that through
thickness ring cracks occur during indentations based on the following previous works on
fracture modes in attributed brittle coatings on compliant substrates.
Andersson et al. [111] believed that cracking of the sub micron silica films on a
polymeric substrate in the form of a series of ring cracks just outside the contact area of a
spherical indenter from a knowledge of indentation loading response and AFM image as
shown in Figure 5-1. However, the image was post indentation image so that it cannot
capture in situ cracking. Then, Rhee et al. [112] was able to observe in in-situ subsurface
observation of radial crack evolution during the full indentation loading cycle. A ceramic
layer was bonded with epoxy adhesive to a polycarbonate underlayer. Transparency of the
polycarbonate and adhesive enabled to record in situ crack evolution of subsurface by video
camera as shown in Figure 5-2 (A).
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Figure 5-1: AFM observation of the resultant residual impression and associated cracking
developed with 5 um indenter radius with the 80nm silica film [111].
Adhesive
Polycarbomwle
Vi
C.M
(A) (B)
Figure 5-2: (A) Schematic description of experiment setup with damage modes in
ceramic/polycarbonate bilayer from indentation with sphere: radial cracking R, cone
cracking C. (B) Radial crack sequence in A1203 coating with the thickness d = 155 um
from indentation with WC sphere of tip radius r = 3.96 mm. Loading cycle; (a) P = 15.1 N,(b) P = 24.0 N, (c) P = 35.1 N, and (d) P = 56.6 N. Unloading cycle; (e) P = 33.3 N, (f) P =
ON [112].
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Figure 5-2 (B) shows micrographs of radial cracking in aluminum oxide coating
specimens. Cracks initiated abruptly with single opposing crack arms popping outward
from the contact center. At increasing load the cracks multiply and extend stably, ultimately
forming a starburst pattern. On unloading, the cracks appear to retract and close up,
becoming near invisible at full indenter withdrawal. Delaminating was not observed to be a
common mode of cracking in their systems, despite the relatively weak adhesive used to
join the coatings to the substrate.
(A)
(B)
Figure 5-3: (A) Schematic illustration of bilayer structure consisting of outer brittle layer on
thick compliant substrate. Fracture mode transition from (a) ring crack at top surface and
radial crack at bottom surface, and (b) through-thickness ring cracks. (B) Soccer ball crack
pattern in Y-TZP coating of thickness d = 27 um from indentation with WC sphere, r = 3.96
mm. Configuration represents transition from well-defined radial cracking to ring cracking
[113].
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Chai et al. [113] found that the crack configuration undergoes a distinctive transition
from radial cracks to ring cracks as the thickness of brittle coatings decreases. At the
transition, two modes coexist resulting in a kind of soccer ball pattern shown in Figure 5-3.
This result also supports previous conclusions that circular cracking occurs for sub micron
silica films on soft substrates.
Because a self passivating oxide layer on a metal consists of a brittle thin film on a
compliant substrate, it is a reasonable assumption that during indentation, a series of fine,
discrete through thickness ring cracks form in the oxide layer outside the contact area of the
indenter. The sum of these through thickness fracture surfaces A4, is approximated to be
equal to the contact surface area of the indenter. In this regard, the surface work of a metal
is given by:
U.rf= l7,Ah +7., A., +v, A,.
where Yth is the thermo dynamic surface energy of an oxide surface and an interface
between the oxide and the metal, yad the adhesion energy between the indenter and the
oxide surface, and y, is the fracture energy of the oxide. Since Aad and Ax are the newly
created area, they are equivalent to the contact surface area of the indenter. On the other
hand, A~h is an elastic increment of an existing surface area calculated by subtracting the
contact surface area by the projected area. The contact area and the projected area of
different types of indenters with respect to indentation depth are listed in the table 5-1.
The surface area and the projected area are written in a general form by:
= f h, and A, =f, h2
Berkovich Vickers Knoop Conical
Surface area a h2 tano
A., = f h, 27.05 h2  26.45 h2  72.32 h2 2
Projected area
24.56 h2  24.50 h2  65.44 h2  x tan20 h2
A, = f h2
Table 5-1: The contact area and the projected area of different indenters with respect to
indentation depth h
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With the contribution of the surface work, the contact mean pressure is derived as:
hu (fkfp)h') a(fh ) a(fh')
p~f h, +7" f h' f h'
a(-) a( ) a(~ )
3 3 3
h2k - s
.1k +7 fh ""bfh "fh
f h
The expression for the indentation load P can also be derived in the same manner as follow:
P 84
= C + ay
h' 8( )
2(f -f) 2f 2fC+Y, +7, - +7_
h h h
=C+-
h
It should be noted that the expression is identical to the Bernhardt formula where ai and a2
correspond to w and C respectively.). However, we rigorously derived the expression on
the contrary to the previous studies using the phenomenological equation.
5.2.2 Experimental verification
Since Y is usually two orders of magnitude larger than and y ,
we can neglect the contributions from thermodynamic surface stress and absorption energy.
Thus, the coefficient of the surface related term w is approximated by:
w ~- 27v. f
In order to test that the dominant contribution is from oxide layer rupture,
experimental verification is needed. Among many metals, aluminum is chosen based on its
- 104 -
easy formation of a self limiting oxidation layer under ambient conditions and the well
characterized fracture energy of aluminum oxide.
Figure 5-5 plots depth-dependent hardness plot of lum and 2um thick aluminum
film deposited on a glass substrate based on Saha et al. [114]. To exclude the quasi-elastic
deformation at small depth and substrate effect at large depth, the data for a 2 um thick
aluminum thick between 100nm and 400nm are taken. The depth-dependent hardness
exhibits a linear relationship with respect to the reciprocal of the indentation depth. The
slope w measures 18.6 J/m2. Using the geometrical factors of the Berkovich indenter in
fp
table 5-1, the fracture energy of oxides is 8.44 J/m 2. The typical range of the fracture
energy of polycrystalline aluminum oxide is between 10 J/m2 and 50 J/m2 and that of
(1010) plane is 7.3 J/m2 [115]. Thus, the fracture surface energy extracted from indentation
tests is very close to that of (1010) plane.
As a control experiment, indentation load displacement curves for pure bulk
aluminum were used. The sample was mechanical polished and indented to a depth of 900
nm with a Berkovich indenter. Five different indentation tests were averaged.
We can rewrite the expression as:
P
-=Ch+w
h
By plotting P as a function of h in Figure 5-6, the slope represents C and the intercept on
h
the ordinate corresponds to w. By a linear fit of the data, the intercept on the ordinate w are
measured to be 2768 J/m 2. Using geometrical factor of the Berkovich indenter, the fracture
surface energy is calculated to be 51.2 J/m2 . The value is also close to those for the
polycrystalline aluminum oxide that could result from the mechanical polishing.
Although further systematic experiment verification is necessary for other metals,
oxide rupture mechanism successfully explain the indentation size effect for metals based
on successfully extraction of the fracture energy of aluminum oxide without arbitrary
parameters introduced into the model.
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Figure 5-4: Depth-dependent hardness plot of a lum thick aluminum film and a 2um thick
aluminum film deposited on a glass substrate with respect to the reciprocal of the
indentation depth. The indentation tests were originally conducted by Saha et al. [114] but
later, Zhang et al. [51] replotted as shown above to fit the data with their hardness formula.
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Figure 5-5: P plotted against h for pure aluminum. w and C are obtained from intercept
h
and slope of this line respectively.
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Chapter 6
Conclusions
This thesis investigates the indentation response of plastically graded materials via
theoretical, computational and experimental analysis. The key conclusions of this thesis are
summarized in this chapter.
1. A general framework is developed to derive an analytical expression to predict the
indentation response of plastically graded materials. While previous studies have
constructed analytical expressions using arbitrary fitting functions in terms of material
parameters, the current framework is based on a physical rationale.
2. A universal dimensionless function describing the indentation response for the specific
case of a linear gradient in yield strength is formulated from the general framework.
The functional form of the universal dimensionless function is obtained by performing
a systematic parametric study using finite element analysis. This universal
dimensionless function can be applied to elasto-plastic materials in general, whereas
previous studies were limited to specific material classes and parameter sets.
3. The universal dimensionless function for linearly graded plastic properties was verified
by indentation experiments on a graded nc Ni-W alloy. The predicted indentation
response, based on the universal dimensionless function, matched experimental
measurements to within 3%.
4. The mean contact pressure of indentation is shown, based on the principle of energy
minimization, to be equal to the rate of internal energy change of the material system
with respect to indented volume. This definition of mean contact pressure, equivalent to
the conventional hardness, can give insight into the underlying energetics of
indentation.
5. The non-recoverable work model is proposed to describe the internal energy change
during non self-similar indentation of plastically graded materials. Variations of elastic
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and plastic contributions due to the gradient in plasticity can be described by the
indentation gradient factor g, .
6. It is suggested that the indentation gradient factor gre can be used to predict crack arrest
or amplification in plastically graded materials. (The parameter gre is defined as the
ratio of gradient to homogeneous mean contact pressure.) The trend of the shield
factor, used to determine crack behavior in plastically graded materials in previous
studies, is shown to be similar to the trend of the indentation gradient factor.
7. An analytic expression for indentation response to describe the indentation size effect is
rigorously derived based on surface energy consideration. The functional form of this
expression is equal to the frequently used phenomenological expression determined by
Bernhardt.
8. Including the surface energy terms in the proposed energy based framework, a
rigorously derived analytic expression is shown to capture the indentation size effect
observed during sharp indentation experiments on aluminum.
9. It is proposed that the mechanism for indentation size effect in metals is through-
thickness cracking of the self-limiting oxide layer. Assuming that oxide cracking
dominates surface energy contributions, oxide fracture energy can be extracted from
the analytic expression for indentation response without introduction of any arbitrary
parameters. This approach is used to successfully extract the fracture energy of
aluminum oxides from previous experiments of sharp indentation on aluminum.
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Appendix
A complete set of coefficients for the universal dimensionless function for
indentation response of plastically graded materials with linear increasing gradient is listed
as follows:
P C C* C
* 2 g eXp(-(k(pYh)) d + - Hexp(-(k(plh))d)E*h E E E
C* is the indentation curvature of an elastic-half space by a rigid conical indenter;
.
2E*tan0
where d =1.0553 for the apex angle of 70.3 degrees and E* is a reduced modulus.
4 CH is the indentation curvature of elasto-plastic homogeneous materials by a rigid
conical indenter at the surface as point A;
C, = a,7H,
The dimensionless function for the homogeneous case was already developed by
the previous several works [25, 27, 58, 60]. Since our framework has successfully
extended that of the homogeneous case, all the functions developed previously can
be utilized without further modification or parameterization as long as the functions
are accurate in the range and conditions examined here. However, this study used a
different fitting function to encompass a wider range of materials as given at the
end of the appendix.
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+ k and d are dimensionless functions expressed as:
for 3.34x1O4 e' 4.67x10 2 and 05n 0.5
k=k +k, 1ne +k, In e +k , In e*
where k = EK n'Sj=0
d = d +d Ine* +d 2 In 2 E, + d, In 3 E,
where d = D n'j=0
The coefficients of K and D are listed as follows:
For kO:
When 0 n 5 0.3;
Koo 9.1807
Ko3  -1371.9050
When 0.3 5 n:5 0.5;
Koi -74.9029 Ko2 602.2585
Koo 37.5620
Ko3 -530.3133
Koi -260.9178 Ko2 654.4835
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For kl:
When 05 n 0.3;
K 0  4.2482
K13  -709.5667
When 0.3 5 n 0.5;
K 0  18.8629
K 3  -276.6850
For k2:
When 0O5 n 0.3;
Kii -40.2169 K 2 314.5440
Ki -136.0282 K 2 341.6410
K2 -7.0941 K22 54.4175
K23  -121.6850
When 0.35 n:5 0.5
K2 o 3.1518
K23  -47.6683
For k3:
When 05 n 0.3
K30 0.03481
K33
K2, -23.3900
K3 -0.4121
K22 58.8830
K32 3.1180
-6.9183
When 0.35 n 0.5
Kio 0.1750
Kas
K, -1.3280 K32 3.3525
-2.7150
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0.6634
For dO:
When 0 5 n 0.3;
Doo 1.1007
D03  -374.8517
When 0.3 n 0.5;
Doo 22.2812
D03  -381.4817
For dl:
When 05 n 0.3;
Dio 0.1891
Di3  -191.4767
When 0.3 n 0.5;
Dio 10.8980
Di3  -192.6517
For d2:
When 0 n 0.3;
D20  0.02898
D23  -32.5267
When 0.3 n 0.5
D20  1.8146
D23 -32.2600
Do, 8.0143
Do, -168.8878
DIi 3.7748
DI, -85.5364
D21 0.5558
D21 -14.3082
D0 2 86.9535
D0 2 443.2770
D12 -45.0585
D12 224.1275
D22 7.8760
D22 37.5025
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For d3:
When 0:5 n 0.3;
D31 0.02872
When 0.3 n 0.5;
D1o 0.0995
D33 -1.7917
D3 -0.7896 D32 2.0765
+ The following function C, is used in this study:
C
-E-* AO + (A. - A1) exp(-(A2e )A)
5
where A =IAni
j=0
The coefficients of Ai are listed as follows:
For AO
AOO 1.335412668
A03 264.4931566
ANi
A04
7.199213091 A02
-530.0236175 A05
-60.21829037
390.9551709
For AI
Aio -0.0025298
A13 -26.16864641
All -0.322565319 A12
A14 58.91101868 A15
4.709071401
-45.48834149
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D30
D3s3
0.00101
-1.8317
D32 0.4550
70.73128
-17579.81375
0.95361
-87.64042
A21
A 24
A31
A34
-458.24049
34056.24167
-2.66193
181.05
A22  4170.95458
A2s -24424.75833
A32
A35
18.9695
-135.65833
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For A,
A20
A23
For A_
A30
A33
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